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Preface

Studies on various markets and networks by physicists are not very uncom-
mon these days. Often the people from economics, finance and physics are
not in agreement regarding the nature of the problems involved, the mod-
els investigated, or the interpretations of the solutions obtained or suggested.
Nevertheless, researches, debates and dialogues do and should continue!

The workshop on “Fconophysics € Sociophysics of Markets € Networks”,
the third in the ECONOPHYS-KOLKATA series, was organised under the
auspices of the Centre for Applied Mathematics and Computational Science,
Saha Institute of Nuclear Physics, Kolkata, during 12—15 March, 2007, to add
to the opportunity of further discussions and dialogues. As in the previous
events in the series, the motto had been to have free interactions and exchanges
of ideas between the various investigators: economists, financial management
people, physicists, computer scientists etc. Having achieved a level of the de-
bates and professionally accepted (though ‘occasionally heated’) discussions,
participants clearly enjoyed the creativities involved!

This proceedings volume also indicates to the readers, who could not par-
ticipate in the meeting, the level of activities and achievements by various
groups. In Part I, the papers deal with the structure and also the dynamics
of various financial markets. Some of the results here are reported for the first
time. In Part II, the structures of various trade and business networks, includ-
ing network of banks and firms are discussed in details. Again, several original
observations and ideas have been reported here for the first time. In Part III,
several market models are discussed. The readers will not miss the taste of
the treasures of very old data and imaginative models discussed here. We also
include in Part IV, in the ‘Comments and Discussion’ section of the book,
a few summaries of the ‘electrifying’ discussions, criticisms and deliberations
taking place during the workshop. Like in the previous volumes, this section
gives a running commentary on the major issues going on in the topic.

We are grateful to all the participants of the workshop and for all their
contributions. We are also extremely thankful to Mauro Gallegati and Mas-
simo Salzano of the editorial board of New Economic Windows series
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for their support and encouragement in getting the proceedings published
again in their esteemed series from Springer, Milan [Previous volumes: Econo-
physics of Wealth Distributions, Proc. Econophys-Kolkata I, Springer, Milan
(2005); Econophysics of Stock and other Markets, Proc. Econophys-Kolkata 11,
Springer, Milan (2006)]. Special thanks are due to Mauro for his advisory
support and suggestions on every aspect of the workshop and also to Marina
Forlizzi (Springer, Milan) for her ever-ready support with the publications.

Kolkata, Arnab Chatterjee
May 2007 Bikas K. Chakrabarti
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Part I

Financial Markets



Uncovering the Internal Structure
of the Indian Financial Market:
Large Cross-correlation Behavior in the NSE

Sitabhra Sinha and Raj Kumar Pan

The Institute of Mathematical Sciences, C.I.'T. Campus, Taramani,
Chennai — 600 113, India
sitabhra@imsc.res.in

The cross-correlations between price fluctuations of 201 frequently traded
stocks in the National Stock Exchange (NSE) of India are analyzed in this
paper. We use daily closing prices for the period 1996-2006, which coincides
with the period of rapid transformation of the market following liberaliza-
tion. The eigenvalue distribution of the cross-correlation matrix, C, of NSE
is found to be similar to that of developed markets, such as the New York
Stock Exchange (NYSE): the majority of eigenvalues fall within the bounds
expected for a random matrix constructed from mutually uncorrelated time
series. Of the few largest eigenvalues that deviate from the bulk, the largest
is identified with market-wide movements. The intermediate eigenvalues that
occur between the largest and the bulk have been associated in NYSE with
specific business sectors with strong intra-group interactions. However, in the
Indian market, these deviating eigenvalues are comparatively very few and
lie much closer to the bulk. We propose that this is because of the relative
lack of distinct sector identity in the market, with the movement of stocks
dominantly influenced by the overall market trend. This is shown by explicit
construction of the interaction network in the market, first by generating the
minimum spanning tree from the unfiltered correlation matrix, and later, us-
ing an improved method of generating the graph after filtering out the market
mode and random effects from the data. Both methods show, compared to
developed markets, the relative absence of clusters of co-moving stocks that
belong to the same business sector. This is consistent with the general belief
that emerging markets tend to be more correlated than developed markets.

1 Introduction

“Because nothing is completely certain but subject to fluctuations, it
is dangerous for people to allocate their capital to a single or a small
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number of securities. [...] No one has reason to expect that all secu-
rities ... will cease to pay off at the same time, and the entire capital
be lost.” — from the 1776 prospectus of an early mutual fund in the
Netherlands [1]

As evident from the above quotation, the correlation between price movements
of different stocks has long been a topic of vital interest to those involved with
the study of financial markets. With the recent understanding of such markets
as examples of complex systems with many interacting components, these
cross-correlations have been used to infer the existence of collective modes in
the underlying dynamics of stock prices. It is natural to expect that stocks
which strongly interact with each other will have correlated price movements.
Such interactions may arise because the companies belong to the same business
sector (i.e., they compete for the same set of customers and face similar market
conditions), or they may belong to related sectors (e.g., automobile and energy
sector stocks would be affected similarly by rise in gasoline prices), or they
may be owned by the same business house and therefore perceived by investors
to be linked. In addition, all stocks may respond similarly to news breaks that
affect the entire market (e.g., the outbreak of a war) and this induces market-
wide correlations. On the other hand, information that is related only to
a particular company will tend to decorrelate its price movement from those
of others.

Thus, the effects governing the cross-correlation behavior of stock price
fluctuations can be classified into (i) market (i.e., common to all stocks), (ii)
sector (i.e., related to a particular business sector) and (iii) idiosyncratic (i.e.,
limited to an individual stock). The empirically obtained correlation structure
can then be analyzed to find out the relative importance of such effects in ac-
tual markets. Physicists investigating financial market structure have focussed
on the spectral properties of the correlation matrix, with pioneering studies
investigating the deviation of these properties from those of a random matrix,
which would have been obtained had the price movements been uncorrelated.
It was found that the bulk of the empirical eigenvalue distribution matches
fairly well with those expected from a random matrix, as does the distribution
of eigenvalue spacings [2,3]. Among the few large eigenvalues that deviated
from the random matrix predictions, the largest represent the influence of the
entire market common to all stocks, while the remaining eigenvalues corre-
spond to different business sectors [4], as indicated by the composition of the
corresponding eigenvectors [5]. However, although models in which the mar-
ket is assumed to be composed of several correlated groups of stocks is found
to reproduce many spectral features of the empirical correlation matrix [6],
one needs to filter out the effects of the market-wide signal as well as noise
in order to identify the group structure in an actual market. Recently, such
filtered matrices have been used to reveal significant clustering among a large
number of stocks from the NYSE [7].
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The discovery of complex market structure in developed financial markets
as NYSE and Japan [8], brings us to the question of whether emerging mar-
kets show similar behavior. While it is generally believed that stock prices in
developing markets tend to be relatively more correlated than the developed
ones [9], there have been very few studies of the former in terms of analysing
the spectral properties of correlation matrices [10-14]'.

In this paper we present the first detailed study of cross-correlations in the
Indian financial market over a significant period of time, that coincides with
the decade of rapid transformation of the recently liberalized economy into
one of the fastest growing in the world. The prime motivation for our study of
one of the largest emerging markets is to see if there are significant deviations
from developed markets in terms of the properties of its collective modes. As
already shown by us [14-16] the return distribution in Indian markets follows
closely the “inverse cubic law" that has been reported in developed markets.
If therefore, deviations are observed in the correlation properties, these would
be almost entirely due to differences in the nature of interactions between
stocks. Indeed, we do observe that the Indian market shows a higher degree
of correlation compared to, e.g., NYSE. We present the hypothesis that this
is due to the dominance of the market-wide signal and relative absence of
significant group structure among the stocks. This may indicate that one of
the hallmarks of the transition of a market from emerging to developed status
is the appearance and consolidation of distinct business sector identities.

2 The Indian Financial Market

There are 23 different stock markets in India. The largest of these is the Na-
tional Stock Exchange (NSE) which accounted for more than half of the entire
combined turnover for all Indian financial markets in 2003-04 [17], although its
market capitalization is comparable to that of the second largest market, the
Bombay Stock Exchange. The NSE is considerably younger than most other
Indian markets, having commenced operations in the capital (equities) mar-
ket from Nov 1994. However, as of 2004, it is already the world’s third largest
stock exchange (after NASDAQ and NYSE) in terms of transactions [17]. It
is thus an excellent source of data for studying the correlation structure of
price movements in an emerging market.

Description of the data set. We have considered the daily closing price time
series of stocks traded in the NSE available from the exchange web-site [18].
For cross-correlation analysis, we have focused on daily closing price data of
N = 201 NSE stocks from Jan 1, 1996 to May 31, 2006, which corresponds to

! Most studies of correlated price movements in emerging markets have looked at
synchronicity which measures the incidence of similar (i.e., up or down) price
movements across stocks, and is not the same as correlation which measures
relative magnitude of the change as well as its direction, although the two are
obviously closely related.
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T = 2607 working days (the individual stocks, along with the business sector
to which they belong, are given in Table 1). The selection of the stocks was
guided by the need to minimise missing data in the time-series, a problem
common to data from other emerging markets [10]. In our data, 45 stocks
have no missing data, while from the remaining stocks, the one having the
largest fraction of missing data has price data missing for less than 6% of the
total period covered?.

3 The Return Cross-Correlation Matrix

To measure correlation between the price movements across different stocks,
we first need to measure the price fluctuations such that the result is inde-
pendent of the scale of measurement. For this, we calculate the logarithmic
return of price. If P;(t) is the stock price of the ith stock at time ¢, then the
(logarithmic) price return is defined as

Ri(t, At) = In Py(t + At) — In Py(t). (1)

For daily return, At = 1 day. By subtracting the average return and dividing
the result with the standard deviation of the returns (which is a measure of
the volatility of the stock), o; = \/(R?) — (R;)?, we obtain the normalized
price return,
(e, Aty = T ) (2)
i

where (...) represents time average. Once the return time series for N stocks
over a period of T days are obtained, the cross-correlation matrix C is calcu-
lated, whose element C;; = (r;r;), represents the correlation between returns
for stocks i and j.

If the time series are uncorrelated, then the resulting random correlation
matrix, also known as a Wishart matrix, has eigenvalues distributed according
to [19]:

_ Q \/()‘mam - )\)()\ - )\mln) (3)
27 A ’

with N — oo, T'— oo such that @ = T/N > 1. The bounds of the distribution
are given by Anax = [1 + (1/v/Q)]? and A\pin = [1 — (1/1/Q)]?. For the NSE
data, @ = 12.97, which implies that the distribution should be bounded at
Amaz = 1.63 in the absence of any correlations. As seen in Fig. 1 (left), the
bulk of the empirical eigenvalue distribution indeed occurs below this value.
However, a small fraction (~ 3 %) of the eigenvalues deviate from the random
matrix behavior, and, by analyzing them we should be able to obtain an
understanding of the interaction structure of the market.

P

2 In case of a date with missing price data, it is assumed that no trading took place
on that day, so that, the price remained the same as the preceding day.
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Table 1. The list of 201 stocks in NSE analyzed in this paper.

i Company Sector i Company Sector

1 UCALFUEL Automobiles Transport | 61 SUPPETRO Energy

2 MICO Automobiles Transport | 62 DCW Energy

3 SHANTIGEAR  Automobiles Transport | 63 CHEMPLAST Energy

4 LUMAXIND Automobiles Transport | 64 RELIANCE Energy

5 BAJAJAUTO Automobiles Transport | 65 HINDPETRO Energy

6 HEROHONDA  Automobiles Transport | 66 BONGAIREFN Energy

7 MAHSCOOTER Automobiles Transport | 67 BPCL Energy

8 ESCORTS Automobiles Transport | 68 IBP Energy

9 ASHOKLEY Automobiles Transport | 69 ESSAROIL Energy

10 M&M Automobiles Transport | 70 VESUVIUS Energy

11 EICHERMOT Automobiles Transport | 71 NOCIL Basic Materials

12 HINDMOTOR  Automobiles Transport | 72 GOODLASNER Basic Materials

13 PUNJABTRAC Automobiles Transport | 73 SPIC Basic Materials

14 SWARAJMAZD Automobiles Transport | 74 TIRUMALCHM Basic Materials

15 SWARAJENG Automobiles Transport | 75 TATACHEM Basic Materials

16 LML Automobiles Transport | 76 GHCL Basic Materials

17 VARUNSHIP Automobiles Transport | 77 GUJALKALI Basic Materials

18 APOLLOTYRE Automobiles Transport | 78 PIDILITIND Basic Materials

19 CEAT Automobiles Transport | 79 FOSECOIND Basic Materials

20 GOETZEIND Automobiles Transport | 80 BASF Basic Materials

21 MRF Automobiles Transport | 81 NIPPONDENR Basic Materials

22 IDBI Financial 82 LLOYDSTEEL  Basic Materials

23 HDFCBANK Financial 83 HINDALCO Basic Materials

24 SBIN Financial 84 SAIL Basic Materials

25 ORIENTBANK Financial 85 TATAMETALI  Basic Materials

26 KARURVYSYA Financial 86 MAHSEAMLES Basic Materials

27 LAKSHVILAS Financial 87 SURYAROSNI Basic Materials

28 IFCI Financial 88 BILT Basic Materials

29 BANKRAJAS Financial 89 TNPL Basic Materials

30 RELCAPITAL Financial 90 ITC Consumer Goods

31 CHOLAINV Financial 91 VSTIND Consumer Goods

32 FIRSTLEASE Financial 92 GODFRYPHLP Consumer Goods

33 BAJAUTOFIN Financial 93 TATATEA Consumer Goods

34 SUNDARMFIN Financial 94 HARRMALAYA Consumer Goods

35 HDFC Financial 95 BALRAMCHIN Consumer Goods

36 LICHSGFIN Financial 96 RAJSREESUG  Consumer Goods

37 CANFINHOME Financial 97 KAKATCEM Consumer Goods

38 GICHSGFIN Financial 98 SAKHTISUG Consumer Goods

39 TFCILTD Financial 99 DHAMPURSUG Consumer Goods

40 TATAELXSI Technology 100 BRITANNIA Consumer Goods

41 MOSERBAER Technology 101 SATNAMOVER Consumer Goods

42 SATYAMCOMP Technology 102 INDSHAVING Consumer Goods

43 ROLTA Technology 103 MIRCELECTR  Consumer Discretonary
44 INFOSYSTCH  Technology 104 SURAJDIAMN  Consumer Discretonary
45 MASTEK Technology 105 SAMTEL Consumer Discretonary
46 WIPRO Technology 106 VDOCONAPPL Consumer Discretonary
47 BEML Technology 107 VDOCONINTL Consumer Discretonary
48 ALFALAVAL Technology 108 INGERRAND Consumer Discretonary
49 RIIL Technology 109 ELGIEQUIP Consumer Discretonary
50 GIPCL Energy 110 KSBPUMPS Consumer Discretonary
51 CESC Energy 111 NIRMA Consumer Discretonary
52 TATAPOWER Energy 112 VOLTAS Consumer Discretonary
53 GUJRATGAS Energy 113 KECINTL Consumer Discretonary
54 GUJFLUORO Energy 114 TUBEINVEST  Consumer Discretonary
55 HINDOILEXP Energy 115 TITAN Consumer Discretonary
56 ONGC Energy 116 ABB Industrial

57 COCHINREFN Energy 117 BHEL Industrial

58 IPCL Energy 118 THERMAX Industrial

59 FINPIPE Energy 119 SIEMENS Industrial

60 TNPETRO Energy 120 CROMPGREAV Industrial
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Table 1. (continued)

i Company Sector i Company Sector
121 HEG Industrial | 161 HIMACHLFUT  Telecom
122 ESABINDIA Industrial | 162 MTNL Telecom
123 BATAINDIA Industrial | 163 BIRLAERIC Telecom
124 ASIANPAINT Industrial | 164 INDHOTEL Services
125 ICI Industrial | 165 EIHOTEL Services
126 BERGEPAINT Industrial | 166 ASIANHOTEL Services
127 GNFC Industrial | 167 HOTELEELA Services
128 NAGARFERT Industrial | 168 FLEX Services
129 DEEPAKFERT Industrial | 169 ESSELPACK Services
130 GSFC Industrial | 170 MAX Services
131 ZUARIAGRO Industrial | 171 COSMOFILMS  Services
132 GODAVRFERT Industrial | 172 DABUR Health Care
133 ARVINDMILL  Industrial | 173 COLGATE Health Care
134 RAYMOND Industrial | 174 GLAXO Health Care
135 HIMATSEIDE  Industrial | 175 DRREDDY Health Care
136 BOMDYEING Industrial | 176 CIPLA Health Care
137 NAHAREXP Industrial | 177 RANBAXY Health Care
138 MAHAVIRSPG Industrial | 178 SUNPHARMA Health Care
139 MARALOVER Industrial | 179 IPCALAB Health Care
140 GARDENSILK Industrial | 180 PFIZER Health Care
141 NAHARSPG Industrial | 181 EMERCK Health Care
142 SRF Industrial | 182 NICOLASPIR Health Care

143 CENTENKA Industrial | 183 SHASUNCHEM Health Care
144 GUJAMBCEM Industrial | 184 AUROPHARMA Health Care

145 GRASIM Industrial | 185 NATCOPHARM Health Care

146 ACC Industrial | 186 HINDLEVER Miscellaneous
147 INDIACEM Industrial | 187 CENTURYTEX Miscellaneous
148 MADRASCEM Industrial | 188 EIDPARRY Miscellaneous
149 UNITECH Industrial | 189 KESORAMIND  Miscellaneous
150 HINDSANIT Industrial | 190 ADANIEXPO Miscellaneous
151 MYSORECEM Industrial | 191 ZEETELE Miscellaneous
152 HINDCONS Industrial | 192 FINCABLES Miscellaneous

153 CARBORUNIV Industrial | 193 RAMANEWSPR Miscellaneous
154 SUPREMEIND Industrial | 194 APOLLOHOSP  Miscellaneous
155 RUCHISOYA Industrial | 195 THOMASCOOK Miscellaneous

156 BHARATFORG Industrial | 196 POLYPLEX Miscellaneous
157 GESHIPPING  Industrial | 197 BLUEDART Miscellaneous
158 SUNDRMFAST Industrial | 198 GTCIND Miscellaneous
159 SHYAMTELE Telecom | 199 TATAVASHIS Miscellaneous
160 ITI Telecom |200 CRISIL Miscellaneous

201 INDRAYON Miscellaneous

The random nature of the smaller eigenvalues is also indicated by an ob-
servation of the distribution of the corresponding eigenvector components.
Note that, these components are normalized for each eigenvalue \; such that,
Zij\il[uﬁ]Q = N, where u;j; is the i-th component of the jth eigenvector. For
random matrices generated from uncorrelated time series, the distribution of
the eigenvector components is given by the Porter-Thomas distribution,

Plu) = —— exp 2. (@)

V2T 2

As shown in Fig. 1 (right), this distribution fits the empirical histogram of the
eigenvector components for the eigenvalues belonging to the bulk. However,
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Fig. 1. (left) The probability density function of the eigenvalues of the cross-
correlation matrix C for 201 stocks in the NSE of India for the period Jan 1996-May
2006. For comparison the theoretical distribution predicted by Eq. (3) is shown using
broken curves, which overlaps with the spectral distribution of the surrogate corre-
lation matrix generated by randomly shuffling the time series. The inset shows the
largest eigenvalue corresponding to the market. (Right) The distribution of eigenvec-
tor components corresponding to three eigenvalues belonging to the bulk predicted
by RMT and (inset) corresponding to the largest eigenvalue. In both cases, the
Gaussian distribution expected from RMT is shown for comparison.

the eigenvectors of the largest eigenvalues (e.g., the largest eigenvalue Ay a4,
as shown in the inset) deviate quite significantly, indicating their non-random
nature.
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The largest eigenvalue Ay for the NSE cross-correlation matrix is more
than 28 times larger than the maximum predicted by random matrix theory
(RMT). The corresponding eigenvector shows a relatively uniform composi-
tion, with all stocks contributing to it and all elements having the same sign
(Fig. 2, top). As this is indicative of a common component that affects all
the stocks with the same bias, the largest eigenvalue is associated with the
market mode, i.e., the collective response of the entire market to information
(e.g., newsbreaks) [2,3].

Of more interest for understanding the market structure are the inter-
mediate eigenvalues that occur between the largest eigenvalue and the bulk
predicted by RMT. For the NYSE, it was shown that corresponding eigen-
vectors of these eigenvalues are localized, i.e., only a small number of stocks
contribute significantly to these modes [4,5]. It was also observed that, for
a particular eigenvector, the significantly contributing elements were stocks
that belonged to similar or related businesses (with the exception of the second
largest eigenvalue, where the contribution was from stocks having large mar-
ket capitalization). Fig. 2 shows the stocks, arranged into groups according to
their business sector, contributing to the different intermediate eigenvectors
very unequally®. For example, it is apparent that Technology stocks contribute
significantly to the eigenvector corresponding to the third largest eigenvalue.
However, direct inspection of eigenvector composition for the deviating eigen-

Stocks (i)

Fig. 2. The absolute values of the eigenvector components u;(\) for the three largest
eigenvalues of the correlation matrix C. The stocks i are arranged by business sec-
tors separated by broken lines. A: Automobile & transport, B: Financial, C: Technol-
ogy, D: Energy, E: Basic materials, F: Consumer goods, G: Consumer discretionary,
H: Industrial, I: IT & Telecom, J: Services, K: Healthcare & Pharmaceutical, L: Mis-
cellaneous.

3 The significant contributions to the second largest eigenvalue were found to be
from the stocks SBIN, SATYAMCOMP, SURYAROSNI, ITC, BHEL, NAGAR-
FERT, ACC, GLAXO, DRREDDY and RANBAXY.



Collective Behavior in the Indian Market 11

values does not yield a straightforward interpretation of the significant group
of stocks, possibly because the largest eigenmode corresponding to the market
dominates over all intra-group correlations.

For more detailed analysis of the eigenvector composition, we use the in-
verse participation ratio (IPR), which is defined for the j-th eigenvector as
I = Zfil[uﬁ]‘*, where uj; are the component of jth eigenvector. For an
eigenvector with equal components, uj; =1/ VN, which is approximately the
case for the eigenvector corresponding to the largest eigenvalue, I; = 1/N.
If, on the other hand, a single component has a dominant contribution, e.g.,
uj1 = 1 and uj; = 0 for ¢ # 1, we have I; = 1. Therefore, IPR is inversely
related to the number of significantly contributing eigenvector components.
For the eigenvectors corresponding to eigenvalues of a random correlation ma-
trix, (I) ~ 3/N. As seen from Fig. 3, the eigenvalues belonging to the bulk
predicted by random matrix theory indeed have eigenvectors with this value
of IPR. But, at the lower and higher end of eigenvalues, the market shows
deviations from this value, suggesting the existence of localized eigenvectors®.
These deviations are, however, much less significant and far fewer in number
in the Indian market compared to developed markets, implying that while
correlated groups of stocks do exist in the latter, their existence is far less
clear in the NSE.

In order to graphically present the interaction structure of the stocks in
NSE, we use a method suggested by Mantegna [20] to transform the correlation
between stocks into distances to produce a connected network in which co-

Inverse participation ratio

Eigenvalue A

Fig. 3. Inverse participation ratio (IPR) for the different eigenvalues of the NSE
cross-correlation matrix. The broken line showing IPR = 3/N (N = 201, is the
number of stocks) is the expected value for a random matrix constructed from N
mutually uncorrelated time series.

4 The deviations for the smallest eigenvalues indicate strong correlations between
a few stocks (see Table 2).
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moving stocks are clustered together. The distance d;; between two stocks ¢
and j are calculated from the cross-correlation matrix C, according to d;; =
\/2(1 = Cjj;). These are used to construct a minimum spanning tree, which
connects all the N nodes of a network with NV — 1 edges such that the total

Table 2. Stocks with dominant contribution to the six smallest eigenvalues.

A201 A200 A199 A19s A197 A196
SBIN SBIN RELCAPITAL RELCAPITAL HINDPETRO HINDPETRO
TATAELXSI ORIENTBANK VDOCONAPPL BPCL BPCL BPCL
ROLTA TATAELXSI VDOCONINTL VDOCONAPPL VDOCONINTL GNFC
ROLTA VDOCONINTL GNFC GSFC
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Fig. 4. The minimum spanning tree connecting 201 stocks of NSE. The node colors
indicate the business sector to which a stock belongs. The figure has been drawn
using the Pajek software. Contact authors for color figures.
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sum of the distance between every pair of nodes, Ei, j d;;, is minimum. For
the NYSE, such a construction has been shown to cluster together stocks
belonging to the same business sector [21]. However, as seen in Fig. 4, for
the NSE, such a method fails to clearly segregate any of the business sectors.
Instead, stocks belonging to very different sectors are equally likely to be
found within each cluster. This suggests that the market mode is dominating
over all intra-sector interactions.

Therefore, to be able to identify the internal structure of interactions be-
tween the stocks we need to remove the market mode, i.e., the effect of the
largest eigenvalue. Also, the effect of random noise has to be filtered out.
To perform this filtering, we use the method proposed in Ref. [7] where the
correlation matrix was expanded in terms of its eigenvalues \; and the corre-
sponding eigenvectors u;: C = Zi)\l-uiuiT. This allows the correlation matrix
to be decomposed into three parts, corresponding to the market, sector and
random components:

N, N—1
T T T
C= Cmarket + Csector + Crandom = /\Ouo ug + E Aiui u; + E Aiui u;,
1=1 i=Ng+1

(5)
where, the eigenvalues have been arranged in descending order (the largest
labelled 0) and Ny is the number of intermediate eigenvalues. From the em-
pirical data, it is not often obvious what is the value of Ny, as the bulk may
deviate from the predictions of random matrix theory because of underlying
structure induced correlations. For this reason, we use visual inspection of the
distribution to choose Ny = 5, and verify that small changes in this value does
not alter the results. The robustness of our results to small variations in the
estimation of Ny is because the error involved is only due to the eigenvalues
closest to the bulk that have the smallest contribution to Cgector. Fig. 5 shows
the result of the decomposition of the full correlation matrix into the three
components. Compared to the NYSE, NSE shows a less extended tail for the
sector correlation matrix elements C’fjecm’”. This implies that the Indian mar-
ket has a much smaller fraction of strongly interacting stocks, which would
be the case if there is no significant segregation into sectors in the market.

Next, we construct the network of interactions among stocks by using the
information in the sector correlation matrix [7]. The binary-valued adjacency
matrix A of the network is generated from Cgccor by using a threshold ¢y,
such that A;; = 1 if Cff“"r > cin, Aij = 0 otherwise. If the long tail in the
Cffcwr distribution is indeed due to correlations among stocks belonging to
a particular business sector, this should be reflected in a clustered structure
of the network for an appropriate choice of the threshold. Fig. 6 shows the
resultant network for the best choice of ¢, = ¢* (= 0.09) in terms of creating
the largest clusters of related stocks. However, even for the “best” choice we
find that only two sectors have been properly clustered, those corresponding to
Technology and to Pharmaceutical Companies. The majority of the frequently
traded stocks cannot be arranged into well-segregated groups corresponding
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to the various business sectors they belong to. This failure again reflects the
fact that intra-group correlations in most cases are much weaker compared to

the market-wide correlation in the Indian market.

4 Time-evolution of the Correlation Structure

In this section, we study the temporal properties of the correlation matrix.
We note here that if the deviations from the random matrix predictions are
indicators of genuine correlations, then the eigenvectors corresponding to the
deviating eigenvalues should be stable in time, over the period used to calcu-
late the correlation matrix. We choose the eigenvectors corresponding to the
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Fig. 6. The network of stock interactions in NSE generated from the group correla-
tion matrix Cgector with threshold ¢* = 0.09. The node colors indicate the business
sector to which a stock belongs. The top left cluster comprises mostly Technology
stocks, while the bottom left cluster is composed almost entirely of Healthcare &
Pharmaceutical stocks. By contrast, the larger cluster on the right is not domi-
nated by any particular sector. The figure has been drawn using the Pajek software.
Contact the authors for color figures.

10 largest eigenvalues for the correlation matrix over a period A = [t,t + T
to construct a 10 x 201 matrix D 4. A similar matrix D can be generated
by using a different time period B = [t 4+ 7,t 4+ 7 + T| having the same dura-
tion but a time lag 7 compared to the other. These are then used to generate
the 10 x 10 overlap matrix O(¢,7) = D4DZ. In the ideal case, when the 10
eigenvectors are absolutely stable in time, O would be a identity matrix. For
the NSE data we have used time lags of 7 = 6 months, 1 year and 2 years,
for a time window of 5 years and the reference period beginning in Jan 1996.
As shown in Fig. 7 the eigenvectors show different degrees of stability, with
the one corresponding to the largest eigenvalue being the most stable. The
remaining eigenvectors show decreasing stability with an increase in the lag
period.
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Next, we focus on the temporal evolution of the composition of the eigen-
vector corresponding to the largest eigenvalue. Our purpose is to find the set
of stocks that have consistently high contributions to this eigenvector, and
they can be identified as the ones whose behavior is dominating the market

Fig. 7. Grayscale pixel representation of the overlap matrix as a function of time for
daily data during the period 1996-2001 taken as the reference. Here, the gray scale
coding is such that white corresponds to O;; =1 and black corresponds to O;; = 0.
The length of the time window used to compute C is 7' = 1250 days (5 years) and
the separations used to calculate O;; are 7 = 6 months (left), 1 year (middle) and
2 years (right). The diagonal represents the overlap between the components of the
corresponding eigenvectors for the 10 largest eigenvalues of the original and shifted
windows. The bottom right corner corresponds to the largest eigenvalue.

1 | 1
2000 2002 2004
Time

Fig. 8. The 50 stocks which have the largest contribution to the eigenvector com-
ponents of the largest eigenvalue as a function of time for the period Jan 1996-May
2006. The grayscale intensity represents the degree of correlation. Contact the au-
thors for color figures.
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mode. We study the time-development by dividing the return time-series data
into M overlapping sets of length 7. Two consecutive sets are displaced rel-
ative to each other by a time lag dt. In our study, T" is taken as six months
(125 trading days), while dt is taken to be one month (21 trading days). The
resulting correlation matrices, Cr s+, can now be analysed to get further un-
derstanding of the time-evolution of correlated movements among the different
stocks.

In a previous paper [14], we have found that the largest eigenvalue of
Cr 5 follows closely the time variation of the average correlation coefficient.
This indicates that the largest eigenvalue Ay captures the behavior of the
entire market. However, the relative contribution to its eigenvector ug by
the different stocks may change over time. We assume that if a company
is a really important player in the market, then it will have a significant
contribution in the composition of uy over many time windows. Fig. 8 shows
the 50 largest stocks in terms of consistently having large representation in
uy. Note the existence of 5 companies from the Tata group and 3 companies
of the Reliance group in this set. This is consistent with the general belief in
the business community that these two groups dominate the Indian market,
and may disproportionately affect the market through their actions.

5 Conclusions

In this paper, we have examined the structure of the Indian financial mar-
ket through a detailed investigation of the spectral properties of the cross-
correlation matrix of price returns. We demonstrate that the eigenvalue dis-
tribution is similar to that observed for developed markets of USA and Japan.
However, unlike the latter, the Indian market shows much less evidence of the
existence of business sectors having distinct identities. In fact, most of the
observed correlation among stocks is due to effects common to the entire
market, which has the effect of making the Indian market appear more corre-
lated than developed markets. We hypothesise that the reason why emerging
markets have been often reported to be significantly more correlated is be-
cause they are distinguished from developed ones in the absence of strong
interactions between clusters of stocks in the former. This has implications
for the understanding of markets as complex interacting systems, namely,
that interactions emerge between groups of stocks as a market evolves over
time to finally exhibit the clustered structure characterizing, e.g., the NYSE.
How such self-organization is related to other changes a market undergoes as
it develops is a question worth pursuing with the tools available to econo-
physicists. From the point of view of possible applicability, these results are
of significance to the problem of portfolio diversification. With the advent of
liberalization, there has been a significant flow of investment into the Indian
market. The question of how investments can be made over a balanced port-
folio of stocks so as to minimize risks assumes importance in such a situation.
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Our study indicates that schemes for constructing such optimized portfolios
must take into account the fact that emerging markets are in general less
differentiated and more correlated than developed markets.
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Summary. This paper uses the Subbotin power exponential family of probability
densities to statistically characterize the distribution of price returns in some Eu-
ropean day-ahead electricity markets (NordPool, APX, Powernext). We implement
a generic non-parametric method, known as Cholesky factor algorithm, in order
to remove the strong seasonality and the linear autocorrelation structure observed
in power prices. The filtered NordPool and Powernext data are characterized by
an inverse relationship between the returns volatility and the price level — approxi-
mately a linear functional dependence in log-log space, which properly applied to the
Cholesky residuals yields a homoskedastic sample. Finally, we use Maximum Like-
lihood estimation of the Subbotin family on the rescaled residuals and compare the
results obtained for different markets. All empirical densities, irrespectively of the
time of the day and of the market considered, are well described by a heavy-tailed
member of the Subbotin family, the Laplace distribution.

Key words: Electricity Markets, Subbotin Distribution, Fat Tails, Scaling,
Persistence

1 Introduction

Recent years have witnessed an improved understanding of volatility and per-
sistence as pervasive features of the dynamics of economic activity and market
exchanges. Such properties are supposed to hold a fortiori under circum-
stances such as low liquidity, low elasticity of demand, non-storability and
market power. Day-ahead power pools are a case in point: they are character-
ized by a challenging set of empirical regularities in search of an explanation —
multiple periodic patterns, persistency, spikes, heavy tails, time-dependent
volatility. A cursory list of contributions within the relevant literature includes
Geman and Roncoroni (2002), Eberlein and Stahl (2003), Weron, Bierbrauer
and Truck (2004), Sapio (2004), Bottazzi, Sapio and Secchi (2005), Knittel
and Roberts (2005), Guerci et al. (2006).
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The present work provides a detailed study of some of the most interest-
ing properties of the dynamics of prices in European day-ahead power ex-
changes — the Scandinavian NordPool, the Dutch APX and the French Pow-
ernext. The paper provides an assessment of the strength of serial correlations
in the growth of prices in different hourly auctions, corresponding to different
demand conditions, and a simple characterization of the behavior of volatility.
Once all of these properties are controlled for, the distributional nature of the
underlying statistically independent disturbances can be studied.

A more detailed account of our results is the following. First, we find that
significant autocorrelation at weekly lags is a robust feature of power auctions
when the level of economic activity (and of electricity demand) is high, whereas
the degree of persistency is lower during night hours, and more heterogeneous
across countries. Second, the conditional standard deviation of price growth
is decreasing in the price level in the NordPool and Powernext markets, but
this relationship breaks down when price reaches very high levels. The scaling
evidence for the APX is rather mixed. Finally, density fit exercises, based on
the Subbotin family of distributions — a family including Laplace and Normal
laws as special cases — show that heavy tails are a robust feature of electricity
price growth rates.

The paper is organized as follows. Section 2 offers an overview of the
main empirical findings on serial correlations (2.1), volatility scaling (2.2),
and distributional shapes (2.3). Remarks and conclusions are in Sect. 3.

2 Empirical Analysis of Electricity Log-returns

The following analysis aims to extend and integrate the evidence presented
in [3] on serial correlation patterns, volatility structures, and distributional
shapes.

Define Pj,; as the market-clearing price issued on day ¢, outcome of the
auction concerning delivery at hour h of the following day, and pp its natural
logarithm. The daily price growth rates, or log-returns, are rys = ppt—pn -1 ~
Pui/Ppy—1 — 1.

Looking at Fig. 1 it is clear that price dynamics differ both with respect
to the market (NordPool, APX or Powernext) and to the hour they refer to.
All series display sharp and short-lived spikes, while the annual seasonality is
more evident in NordPool prices than in APX and Powernext.

In Table 1, summary statistics for r are provided, for series regarding
the 1 a.m. and the 12 a.m. auctions. Auctions for the provision of electricity
by night yield similar outcomes as the 1 a.m. one, whereas the 12 a.m. well
represents the properties of prices and volumes in auctions for the supply
of electricity during the hours when the economic activity is higher.! The
first three rows of Table 1 show that, while drifts and asymmetries in price

! The complete statistical information on all auctions is available upon request.
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Fig. 1. Top: NordPool prices, from Jan 1, 1997, to Dec 31, 1999: 1 a.m. and 12 a.m.
auctions. Middle: APX prices from Jan 6, 2001, to Dec 31, 2004: 1 a.m. and 12 a.m.
auctions. Bottom: Powernext prices, from Feb 1, 2002, to Dec 31, 2004: 1 a.m. and
12 a.m. auctions.

growth distributions are rather weak, standard deviations are clearly higher
in day-time auctions than during the night, in all countries.

2.1 The Autocorrelation Structure of Log-return

It is rather well known that fluctuations in day-ahead electricity prices are
persistent and systematic (see [12], [15], and [13]). Along with yearly season-
als and long-run trends, the dynamics of prices is characterized by weekly
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Table 1. Summary statistics of daily log-returns r and filtered log-returns 7: Nord-
Pool, APX, and Powernext, 1 a.m. and 12 a.m. auctions.

Mean Std.Dev. Skewness Exc.Kurt.
lam 12am 1am 12 am 1 am 12 am lam 12 am
r
NordPool -.0006 -.0005 078 118 -.169 769 11.402 13.100
APX .0001 .0003 284 .692 -.145 804 16.376 3.587
Powernext .0003 -.0001 292 494 132 1.124 2.815 7.821
F
NordPool .000 .000 1.000 1.000 -.216 -.317 10.568 7.136
APX .000 .000 1.000 1.000 -1.194 .703 10.227 2.704
Powernext .000 .000 1.000 1.000 -.467 273 1.398 5.976

periodicities, determined by decreasing energy consumption during weekends
and increasing use of power at the beginning of the week, in line with the
patterns of the overall economic activity. The autocorrelograms of log-returns
reported in Figs. 2, 3, for the 1 a.m. and 12 a.m. series respectively, are
good illustrations of this fact. In the 1 a.m. market, log-returns are either
serially uncorrelated (NordPool) or display some mild weekly periodicity and
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Fig. 2. Autocorrelograms of log-returns r, 1 a.m. auctions together with 95% con-
fidence band, for NordPool (top), APX (middle) and Powernext (bottom).
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Fig. 3. Autocorrelograms of log-returns r, 1 a.m. auctions together with 95% con-
fidence band, for NordPool (top), APX (middle) and Powernext (bottom).

a small, negative autocorrelation at lag 1 day (APX, Powernext). Conversely,
log-returns in the 12 a.m. auctions are always strongly autocorrelated at lags
1 week, 2 weeks, and so forth. Autocorrelation coefficients are between 0.4
and 0.6 for the first weekly lags, and decay quite slowly.

The previous graphical analysis reveals that the time series of electricity
prices are characterized by a rich intertemporal structure, plausibly encom-
passing both deterministic cyclical components and stochastic seasonal effects.
Devising a linear model able to account for this intricate structure with just
few parameters, albeit interesting, is in principle a very difficult task. Here
we do not pursue this goal. Because we are interested in the description of
the distributional properties of the underlying stochastic process, we adopt
a broader non-parametric approach.

Following [3]|, we decompose the log-returns time series r = {r;} into
an estimated stationary variance-covariance marix and a set of uncorrelated
residuals. The filtering procedure followed here is based on the Cholesky factor
algorithm, a model-free bootstrapping method described in [8]. It goes through
the following steps (where indexes are omitted for clarity):

1. Estimate the covariance matrix X = E [r 7| of the vector r, as the Toeplitz
matrix (that is a matrix which has constant values along all negative-
sloping diagonals) built upon the autocovariance vector ~;
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2. Calculate C as the Cholesky factor of X, i.e. the matrix which satisfies
cc =X,
3. Extract the linearly uncorrelated, standardized residuals 7 as follows:

F=C"1r (1)

Hence, one can see the original series r as generated by applying a linear
dynamical structure to the underlying (linearly) independent 7 shocks. Ap-
plication of the above filter removes any trend from the series and normalizes
their unconditional variance to 1. The skewness and excess kurtosis of the
filtered log-return are reported in the bottom rows of Table 1. Overall, the
comparative kurtosis values are preserved.

2.2 Scaling in Variance

In [3] it has been shown that the price log-returns in NordPool market display,
even after the removal of the linear autocorrelation structure, a relatively high
degree of heteroskedasticity. In order to investigate the presence of this effect
also in other markets, we model the conditional standard deviation of price
growth rates o[Tpn¢| Ph,¢t—1] as a power function of the price level. The estimated
equation reads (in natural logarithms)

log o[Tht|Pht—1] = X + pPht—1 + €ne (2)

where x and p are constant coefficients and €p; is an i.i.d. error term. The
dependent variable is the sample standard deviation of filtered log-returns.
Notice that the parameter p is null under a multiplicative random walk while
it equals —1 for all additive processes (stationary or not).

Estimation of (2) is implemented by grouping, for any given time series,
data into equipopulate bins. The sample standard deviations of log-returns
in each bin is then computed, and its logarithm regressed (with the stan-
dard Ordinary Least Squares procedure) on a constant and on the logarithm
of the mean price level within the corresponding bin. A critical issue with
this estimation procedure regards the choice of the number of bins, which
affects both the estimation of standard deviations in each bin (the dependent
variable) and the properties of the OLS estimator of the scaling coefficients.
The results of a first round of estimations suggest that the fitting performance
of (2) for NordPool and Powernext can be considerably improved by including
a dummy d, as follows:

log o [Frelpni—1] = X + X'd + ppri—1 + p'Phi—1d + €ne (3)

where d = 1 for the last two bins (i.e. those corresponding to the highest price
levels), d = 0 otherwise. Such a dummy allows both the slope and the intercept
of the scaling regression to vary, depending on whether the price level is high or
low. This amounts to assume that different scaling relationships and different
volatility behaviors are at work, corresponding to diverse demand regimes.
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The scatter plots of o vs. the average (log) price level p are reported in
Fig. 4, together with the fit of (3) for NordPool and Powernext, and (2) for
the APX, concerning different hourly auctions.

Point estimates of the coefficient p are reported in Table 2 and suggest
that, for NordPool and Powernext markets, standard deviations of normalized
log-returns are negatively correlated with lagged price levels : p < 0. In the
NordPool, p fluctuates around —1, with lower absolute values in peak hours.
The estimated model accounts for quite a high percentage of the dispersion in
log-return volatility (see R? values). As to the Powernext, point estimates of
the scaling exponent are rather homogeneous across auctions — approximately
in the range (-0.72, —-0.59) — with the exceptions of the auctions between 1
and 4 a.m. (lower absolute values), and those between 8 and 12 p.m. (higher
absolute values). Finally, it is difficult to identify any clear pattern in the

Table 2. Slopes of the power law relationship between standard deviation of fil-
tered daily log-returns and lagged price levels: NordPool (20 bins), APX (28 bins),
Powernext (20 bins).

NordPool APX Powernext
Auctions pr R? pr  R? pr R?
1 am —1.087 £.011 .750 —.526 +.010 .293 —.475 £ .008 .563
2 —1.193 £.010 .804 —.724 +.012 .370 —.368 +.008 .495
3 —1.022 £.011 .721 —.616 4+.008 .461 —.450 £ .007 .598
4 —1.088 +£.008 .838 —.385 4 .006 .397 —.215 4+ .008 .307
5 —1.143 +£.007 .884 —.394 4+ .005 .452 —.594 4+ .011 .437
6 —1.207 £.008 .867 —.394 4 .005 .462 —.712 &£ .007 .730
7 —1.172 £ .012 .754 —.301 £.004 .451 —.703 +.006 .830
8 —1.076 £.009 .804 —.300 4 .005 .393 —.628 +.006 .723
9 —.827 +.014 530 —.394 +.006 .384 —.643 &£ .007 .716
10 —.765 +.014 532 —.111+.008 .033 —.797 £ .006 .804
11 —.731+£.011 .565 —.021 +.007 .002 —.669 +.009 .593
12 —.914 £+ .013 .573 .085 £+ .004 .054 —.619 & .009 .605
1 pm —1.059 £ .010 .743 142 + .006 .086 —.691 +.010 .577
2 —1.117 £ .008 .833 .140 £+ .005 .109 —.718 +.008 .685
3 —1.096 £ .007 .850 .062 £ .006 .018 —.703 &£ .007 .718
4 —1.017 £ .012 .675 .049 + .006 .009 —.661 +.009 .630
5 —.819 & .012 .561 .052 £ .007 .010 —.633 &£ .007 .716
6 —.659 & .015 .351 .264 £ .004 .444 —.570 & .007 .644
7 —.888 +.012 .600 393 +.005 .445 —.632 +.010 .495
8 —.981 & .011 .687 495 +.004 .665 —.831 £.009 .704
9 —1.030 £ .010 .727 298 £+ .006 .257 —.889 4+ .009 .738
10 —1.157 £ .012 .696 —.5854.022 .105 —1.049 +.009 .785
11 —1.054 £.012 .675 —.399 4+ .025 .039 —1.130+.010 .785
12 —1.030 £.010 .765 —.683 +.020 .154 —1.223 +.011 .789
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volatility structure of APX log-returns: p > 0 between 12 a.m. and 6 p.m.,
i.e. when the economic activity is high — but the fitting performance is weak.
In other hours, p < 0 to various degrees. In sum, point estimates of the APX
scaling exponents display too huge a variability, and no clear conclusion can
be drawn.

In general, we can use the statistical characterization provided by (3) in
order to obtain a rescaled version of 7. This rescaling is necessary in order to
take care of the heteroskedastic structure of filtered price returns. We define
the rescaled growth rates r;, as

% Tht
Tht = 5 (4)

where ¢ is the conditional standard deviation of log-returns, as predicted
by (2) (APX) and (3) (NordPool, Powernext).

2.3 Power Exponential Distribution

As a final step of our analysis, we investigate the shape of the probability den-
sity function of price returns. We take a parametric approach and use a flexi-
ble family of probability densities known as Subbotin (or Power Exponential)
family, in order to quantify the degrees of peakedness and heavy-tailedness of

the empirical densities within a quite general and parsimonious framework.
First used in economics by [5], the Subbotin probability density function

of a generic random variable X reads (see also [14]):

Pr{X—x}——l e~ sl

7 2abYPr(1+ )

(5)

with parameters a (width), b (shape), and p (position). I'(.) is the gamma
function. The Subbotin reduces to a Laplace if b = 1 and to a Gaussian if
b = 2. The Continuous Uniform is a limit case for b — oco. As b gets smaller,
the density becomes heavier-tailed and more sharply peaked.

Compared to previously fitted distributions, such as the Generalized Hy-
perbolic ([9]), the Subbotin is more parsimonious: just 3 parameters need to
be estimated, or 2 if the data are demeaned. It also allows for greater flexibil-
ity with respect to the tail behavior: the Generalized Hyperbolic distribution
family only admits exponential tail decay (cf. the application by [9] on Nord-
Pool data). On the other hand, evidence of Subbotin distributions would rule
out power-law tails, which characterize Levy phenomena with tail index o < 2
(see [2], [1] and [7], for applications to electricity price dynamics).

Estimates of the Subbotin parameters are obtained through Maximum
Likelihood methods. For a general discussion of the property of the estimates
see [6].2

2 The estimates reported in this paper are obtained with the use of the Subbotools
software package (see [4]).
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Table 3 reports, for each market under analysis, the estimated shape pa-
rameter b and the corresponding standard errors for the filtered log-returns
(7). For the sake of brevity, estimated a’s have been omitted. Furtherly, nor-
malization implies ;1 = 0. The fact that in general b1 suggests that filtered
log-returns are characterized by a Laplace shape in all markets. Significant
deviations are however observed, with b values clustering around 0.8 during
night hours and early morning in the APX, and around 1.2 in the Powernext
between 1 and 3 a.m. All in all, one can conclude that the price returns distri-
butions, once the linear autocorrelation structure is removed, display heavy-
tailed shapes. Indeed, the estimated values of b are systematically below the
Gaussian shape coefficient, i.e. 2.

However, before drawing conclusions, remember that, as shown in the pre-
vious section, the variance of log-returns is not independent of price levels.
Therefore, the i.i.d. assumption does not hold, and the evidence of heavy tails
in the dynamics of day-ahead electricity markets may be a statistical artifact
due to the mixture of different, possibly non-heavy-tailed processes. In order
to account for the effect generated by the presence of heteroskedasticity, we
repeat the same Maximum Likelihood estimates of the Subbotin distribution
on the rescaled returns defined in (4). Results are reported in Table 3. As it
can be seen, the rescaling procedure exerts only a minor impact on the den-
sity of log-returns. The heavy-tailed nature of electricity log-returns can be
appreciated in Fig. 5.

3 Conclusions

This paper describes some statistical properties of price returns in day-ahead
electricity markets. The analysis in [3] is extended to two new markets, namely
APX and Powernext, and as such it allows to compare the outcomes of differ-
ent trading architectures and to assess which properties of the analyzed time
series remain the same, and which ones change.

Through the analysis of time dependencies we have shown that the auto-
correlation structure of returns in different time series is rather invariant when
morning and afternoon (that is, high demand) hours are considered, whereas
for low demand hours the short-term autocorrelation seems to slightly vary
across markets.

There exists evidence of a negative volatility-price relationship, but only
for NordPool and Powernext, and only within the limits of sufficiently low
price levels. In days when demand is very high — and so is the market-clearing
price — the inverse variance-price relationship breaks down. The existence
of a threshold above which the market properties change is consistent with
the theoretical results in [10], which characterized the existence of high- and
low-demand equilibria with radically different properties, and with regime-
switching models of electricity prices, e.g. [11] and [16]. The APX market
departs from the observed scaling pattern. Differences in scaling properties
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may be due to differences in pricing protocols and in marke structures, an
issue which deserves deeper investigation.

Finally, concerning the probability distribution of filtered price returns, we

can summarize our findings in two points: first, all empirical densities, irre-
spectively of the time of the day and of the market considered, are reasonably
well described by a Subbotin distribution with shape parameter b = 1, that
is by a Laplace distribution. Second, the strong presence of heteroskedasticity
in the time series does not seem to affect much the estimation of the Subbotin
parameters, hence suggesting the relative robustness of these findings.

References

1.

10.

11.

12.

13.

14.

15.

16.

Bellini F. (2002) Empirical Analysis of Electricity Spot Prices in European
Deregulated Markets. Quaderni Ref. 7/2002.

Bystroem H. (2001). Extreme Value Theory and Extremely Large Electricity
Price Changes. Mimeo.

Bottazzi G., Sapio S., Secchi A. (2005) Some Statistical Investigations on the
Nature and Dynamics of Electricity Prices. Physica A 355(1): 54-61.

Bottazzi G. (2004) Subbotools: A Reference Manual. LEM Working Paper
2004/14, Scuola Superiore Sant’Anna, Pisa.

Bottazzi G., Secchi A. (2003) Why are Distributions of Firm Growth Rates
Tent-Shaped?. Economics Letters, 80: 415-420.

Bottazzi G., Secchi A. (2006) Maximum Likelihood Estimation of the Sym-
metric and Asymmetric Exponential Power Distribution LEM Working Paper
2006/19, Scuola Superiore Sant’Anna, Pisa.

Deng S.-J., Jiang W., Xia Z. (2002). Alternative Statistical Specifications of
Commodity Price Distribution with Fat Tails. Advanced Modeling and Opti-
mization, 4: 1-8.

Diebold F.X., Ohanian L.E., Berkovitz J. (1997) Dynamic Equilibrium
Economies: A Framework for Comparing Models and Data. Federal Reserve
Bank of Philadelphia, working paper No.97-7.

Eberlein E., Stahl G. (2003). Both Sides of the Fence: a Statistical and Regula-
tory View of Electricity Risk. Energy and Power Risk Management, 8: 34—38.
von der Fehr N., Harbord D. (1993). Spot Market Competition in the UK
Electricity Industry. Economic Journal 103: 531-546.

Huisman R., Mahieu R. (2003). Regime Jumps in Electricity Prices. Energy
Economics 25(5): 425-434.

Longstaff F.A., Wang A. W. (2002). Electricity Forward Prices: a High-
Frequency Empirical Analysis. UCLA Anderson School working paper.

Sapio S. (2005) The Nature and Dynamics of Electricity Markets. Doctoral
dissertation, Scuola Superiore Sant’Anna, Pisa.

Subbotin ML.F. (1923). On the Law of Frequency of Errors. Matematicheskii
Sbornik, 31: 296-301.

Weron R. (2002). Measuring Long-Range Dependence in Electricity Prices. In:
Takayasu H. (ed.) Empirical Science of Financial Fluctuations. Springer, Tokyo.
Weron R, Bierbrauer M., Truck S. (2004). Modeling Electricity Prices: Jump
Diffusion and Regime Switching. Physica A 336: 39-48.



Variations in Financial Time Series:
Modelling Through Wavelets
and Genetic Programming

Dilip P. Ahalpara', Prasanta K. Panigrahi?, and Jitendra C. Parikh?

! Institute for Plasma Research, Near Indira Bridge, Gandhinagar-382428, India
dilip@ipr.res.in

2 Physical Research Laboratory, Navrangpura, Ahmedabad-380009, India
prasanta@prl.res.in, parikh@prl.res.in

Summary. We analyze the variations in S&P CNX NSE daily closing index stock
values through discrete wavelets. Transients and random high frequency components
are effectively isolated from the time series. Subsequently, small scale variations
as captured by Daubechies level 3 and 4 wavelet coefficients and modelled by ge-
netic programming. We have smoothened the variations using Spline interpolation
method, after which it is found that genetic programming captures the dynamical
variations quite well through Padé type of map equations. The low-pass coefficients
representing the smooth part of the data has also been modelled. We further study
the nature of the temporal variations in the returns.

1 Introduction

Financial time series reveal a variety of temporal variations depending on the
time scale of analysis [1-3]. At short time scales one observes predominantly
stochastic behavior, as also sharp transients originating from certain physi-
cal phenomena [4-6]. In the intermediate time scales, the random variations
are averaged out and the possibility of manifestation of structured variations
present in the data emerges. Wavelet transform, because of its multi-resolution
analysis capability is well suited for this purpose [7-10].

We have studied the time series data of S&P CNX Nifty index of National
Stock Exchange (NSE) of India. The daily closing index values are examined
for the purpose of identifying the different temporal variations. Daubechies-4
(Db4) wavelet transform has been used for this purpose. The multi-level de-
composition clearly reveals stochastic variations at small scales to ordered and
cyclic fluctuations at larger time scales [11,12]. We have found that, wavelet
coeflicients showed a linear trend in the case of Haar wavelet transform; hence
the Db4 higher level coefficients have been studied for modelling purpose.
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More precisely, we have used Genetic Programming to model the 3rd, 4th
and 5th level Db4 high-pass coefficients. Before carrying out modelling, the co-
efficients have been interpolated through Spline for the purpose of smoothen-
ing. The low-pass coefficients which represent the average data have also been
modelled through GP framework. It is observed that GP captures the dynam-
ics of the variations and the average behavior quite well by producing crisp
Padé type map equations.

2 Wavelet Coefficients

We consider the financial NSE Nifty data set of 2048 points covering the
daily closing index corresponding to the duration 24-Dec-1997 to 16-Feb-2006.
This daily index is shown in Fig. 1. We then consider Db4 wavelet forward
transformation to separate the fluctuations from the trends. The Db4 wavelet
transformation is made at different levels ranging from 1 to 8 on the 2048
data set and the resulting wavelet coefficients are shown in Fig. 2(a). One ob-
serves structured variations at higher levels, apart from random and transient
phenomena at lower scales. The low-pass coefficients at level 8 are shown in
Fig. 2(b), which represent the average behavior at this level. The correspond-
ing high-pass and low-pass normalized power has been shown in Figs. 3(a)
and 3(b). One clearly sees that at higher scales substantial amount of varia-
tion is present, since the low-pass power decreases and the high-pass power
increases at higher levels. Considering the structured behavior of the varia-
tions, it is interesting to see how well these fluctuation coefficients can be
analyzed through the techniques of Genetic Programming in which the model
equations are built in the reconstructed phase space.
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2048 Daily Observations: 24th Dec 1997-16th Feb 2006

Fig. 1. NSE Nifty data having 2048 points covering the daily index lying within
24-Dec-1997 to 16-Feb-2006.
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Fig. 2. Db4 Wavelet coefficients, (a) high-pass for levels 1 to 8, (b) low-pass for
level 8.
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Fig. 3. Normalized power of Db4 Wavelet coefficients for levels 1 to 8. (a) High-pass:
The variations at higher scales carry more power as is seen above. (b) Low-pass:
One sees that the power in the average part gradually decreases.

3 Modelling Wavelet Coefficients
Using Genetic Programming

In order to model the wavelet coefficients we first smoothen them using cubic
Spline interpolation method. The wavelet coefficients are spline interpolated
by generating 4 additional points that are sampled within each consecutive
pair of points within the data set. The resulting data set is roughly 4 fold
bigger and is quite smooth and therefore easy to model. Moreover the piece-
wise polynomial form of the interpolated data is well suited with a similar
structure used for the map equation, searched by Genetic Programming.
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Under the umbrella of Evolutionary Algorithm [13-15] various approaches
like Genetic Algorithm [16], Genetic Programming [17] etc, have been used
that help solve a variety of optimization problems based on a complex search.
In the present note we have incorporated Genetic Programming (GP) that em-
ploys a non-linear structure for the chromosomes representing the candidate
solutions.

In Genetic Programming we start with an ensemble of chromosomes (called
a population) and then create its successive generations stochastically using
a set of genetic operators, namely copy, crossover and mutation. A chromo-
some essentially represents a candidate solution whose fitness is decided by
an objective function that maps the chromosome structure to a fitness value.
Chromosomes that are having better fitness values are more likely to breed
offsprings in the next generation. This evolutionary cycle of selection of chro-
mosomes followed by their transformation using genetic operators leads to the
emergence of a population having more and more suitable chromosomes that
helps us find a global optimized solution. At the end of a reasonable number
of generations, the top chromosome in the population is used as the solution
of the optimization problem.

For a given time series X, we use the standard embedding technique [18]
to reconstruct the phase space using time delayed vectors and carry out a GP
fit to generate the map equation of the following form:

X1 = f (X, Xoer, Xy X (am1)r) (1)

where f represents a function involving time series values X; in the immediate
past, arithmatic operators (4, -, x and +) and numbers bound between —10
and 10 with a precision of 1 decimal; d represents number of previous time
series values that may appear in the function and 7 represents a time delay.

The sum of squared errors (A?) is minimized within the GP framework.
For a given chromosome, the lower the sum of squared errors, the fitter is the
chromosome. The fitness measure is defined as:

2
R*=1— - = (2)
! . )
(Xé]l’l)e’ﬂ/ _ X{Q’L’UGTL)

1

Il
2

.
Il

where XJ"°" is the average of all X; (Eq. (1)) to be fitted.

As described in [17], the Genetic programming is discouraged to overfit by
generating longer strings of chromosomes. This is achieved by modifying the
fitness measure as follows,

N -1

7*:1f(1fR?)m (3)

where NN is the number of equations to be fitted in the training set and k is
the total number of time lagged variables of the form X, X; ., X¢ o7, ...
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etc. (including repetitions) occurring in the given chromosome. This modified
fitness measure prefers a parsimonious model. It may be noted that for R?
close to 0, r can be negative.

3.1 Modelling Db4 3rd Level Wavelet Coefficients

The Db4 3rd level forward wavelet coefficients having 254 points are shown in
Fig. 4(a). These wavelet coeflicients are Spline interpolated to give 1266 data
points shown in Fig. 4(b).

In order to search for the map equation, time delayed vectors are used to
construct 1250 equations corresponding to dimension = 5 and 7 = 1. The re-
sulting map equation generated by GP has a very good fitness value 0.993268
and is shown below, where the numbers are shown with a precision of 4 sig-
nificant digits for the sake of convenience:

0.4545 (Xt - 2Xt—2‘r + 2Xt,47-)
5.54X;_, + 8.8X;_or + 7.84

Xip1 =1.2404X; — 0.6667X:_ + (4)

cD3[i]

70'41 50 100 150 200 254

cD3]i]

1 400 800 1266
|

(b)

Fig. 4. (a) Db4 3rd level wavelet coefficients, (b) Spline interpolated Db4 3rd level
wavelet coefficients.
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Fig. 5. Fit for 3rd level wavelet coefficients using GP solution.
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Fig. 6. Out-of-sample 1-step predictions using GP solution for 3rd level wavelet

coefficients.
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The map equation, which is in Padé form, is quite compact and contains
some nonlinear terms.

The GP fit for 1250 points using the GP map equation are shown in two
parts in Figs. 5(a) and 5(b). These are found to be very good, as is evident
from the difference between given and calculated values being close to zero.
The 1-step out-of-sample predictions beyond the fitted 1250 points using the
GP map equation are shown in Fig. 6. The 1-step predictions are also found
to be very good.

3.2 Modelling Db4 4th Level Wavelet Coefficients

The Db4 level=4 forward wavelet coefficients having 126 points are shown in
Fig. 7(a). These wavelet coefficients are Spline interpolated to give 626 data

0.4

0.2f 1

cD4]i]
o

20 40 60 80 100 126

(a)

0.4

0.27 4

100 200 300 400 500 626
|
(b)

Fig. 7. (a) Db4 4th level wavelet coefficients, (b) Spline interpolated Db4 4th level
wavelet coefficients.
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Fig. 8. (a) Fit for 610 data points using GP solution for Db4 4th level wavelet
coefficients, (b) Out-of-sample 1-step predictions using GP solution for Db4 4th
level wavelet coefficients.

points and are shown in Fig. 7(b). The map equation generated by GP for
dimension = 5 and 7 = 1 has fitness value 0.9984 and is shown below:

X1 = 214X, — 054 (1.1 = Xy 1) (Xy — Xo—r) (Xy — Xy_3,) — 2.58X,_,
+1.08X_2r +0.27X;_5, — 0.27X,_4, (5)

The model map equation is quite compact and contains some nonlinear
terms. The GP fit for 610 points using the GP map equation is shown in
Fig. 8(a) and is found to be very good.

The 1-step out-of-sample predictions beyond the fitted 610 points using
the GP map equation are shown in Fig. 8(b). The 1-step predictions are found
to be very good.
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3.3 Modelling Db4 5th Level Wavelet Coefficients

The Db4 5th level forward wavelet coefficients having 60 points are shown in
Fig. 9(a). As can be seen from the figure, these fluctuations are not smooth
and hence we first smoothen them before modelling using GP. It may be noted
that since these variations show cyclic behavior, smoothening for the purpose
of modelling is justified.

The above wavelet coefficients are cubic Spline interpolated to give 296
data points and these are shown in Fig. 9(b).

Xy =1.2473X, — 0.5283 X, — 0.2983X;_o,
+ 0-09669Xt72‘rXt74'r (th'r + Xt72‘r + Xt737')
+ 0.1013X,_3, + 0.09381X,_4, (6)

0.6

0.47

0.2¢

cD5li]
(=)

© 20 40 60

750 100 150 200 250 296
I

(b)

Fig. 9. (a) Db4 5th level wavelet coefficients, (b) Spline interpolated Db4 5th level
wavelet coefficients.
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Fig. 10. (a) Fit for 280 data points using GP solution for Db4 level-5 wavelet
coefficients, (b) Out-of-sample 1-step predictions using GP solution for Db4 level-5
wavelet coefficients.

The map equation generated by GP for dimension = 5 and 7 = 1 is having
fitness value 0.992478 and is shown in Eq. (6). Interestingly the map equation
is primarily linear with a small component of non-linear term. The GP fit
for 280 points using the GP map equation is shown in Fig. 10(a). The thick
line in the figure close to 0.0 indicates that the differences between calculated
and given values are very small and hence the fit is quite good. The map
equation is then used to make out-of-sample predictions. The 1-step out-of-
sample predictions beyond 280 points using the GP map equation are shown
in Fig. 10(b).

3.4 Modelling Db4 2nd Level Average Wavelet Coefficients

We have also considered GP analysis on the average (trend) wavelet coef-
ficients for S&P CNX NSE daily closing index stock values. This is first
smoothened using a Db4 2nd level transform and is shown in Fig. 11.
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Fig. 11. NSE data smoothened using Db4 2nd level wavelet transform.
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Fig. 12. (a) GP fit of 1000 points for Db4 2nd level smoothened NSE data set,
(b) Out-of-sample predictions for 200 points beyond fitted region of 1000 points for
Db4 2nd level smoothened NSE data set.
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Fig. 13. S&P CNX Nifty returns, having 2048 points covering the daily index lying
within 24-Dec-1997 to 16-Feb-2006.

With reference to Fig. 11, we consider a total of 1200 points in which
initial 1000 points (lying within point no. 745 and 1744 and marked by first
two arrows) are used for fitting and further 200 out-of-sample points (upto
point no. 1944 also marked by arrow in the figure) are used for predictions.

The GP fit for 1000 points is shown in Fig. 12(a). It gives a fitness values
of 0.9985 with a Padé form solution as shown in Eq. (7).

Xy = XY/ XxP
X = Xpa (Xo1 # Xoo # X7y + X7+ Xih + Xoa + Xy + XJ) * Xoa
— X4 — Xeox Xy — X7 x Xpo x Xog + X[+ Xoo)
XP = X (Xeox X7+ Xy + X5 + Xy + X7+ Xoa — XJ)) (7)

For the sake of curiosity, we have also studied the nature of the returns
in the above data set. Fig. 13 shows these returns, whose Haar wavelet coef-
ficients are shown in Fig. 14(a). One observes transients and cyclic behavior
at various levels. The 8th level low-pass coefficients are shown in Fig. 14(b).
The linear trend in the cyclic variations of the returns is clearly visible. In
this light it may be interesting to study the predictability of the higher level
cyclic behavior. The same has been attempted through GP framework with
substantial success [19].

4 Conclusion

In conclusion, the multi-resolution analysis of discrete wavelet transforms can
be effectively combined with Genetic Programming for the purpose of predict-
ing small scale structured variations. It is expected that higher scale cyclic
variations can be effectively modelled. Keeping in mind the stochastic nature
of the very small scale fluctuations, this approach opens up the possibility of
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Fig. 14. Haar Wavelet coefficients for the return time series, (a) high-pass for levels 1
to 8, (b) low-pass for level 8.

modelling financial time series in the medium time scales. The smooth part
of the data or the trend has been modelled and reported in [20] and has been
described in detail in [21].
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1 Introduction

Prices of commodities or assets produce what is called time-series. Different
kinds of financial time-series have been recorded and studied for decades.
Nowadays, all transactions on a financial market are recorded, leading to
a huge amount of data available, either for free in the Internet or commer-
cially. Financial time-series analysis is of great interest to practitioners as
well as to theoreticians, for making inferences and predictions. Furthermore,
the stochastic uncertainties inherent in financial time-series and the theory
needed to deal with them make the subject especially interesting not only
to economists, but also to statisticians and physicists [1]. While it would be
a formidable task to make an exhaustive review on the topic, with this review
we try to give a flavor of some of its aspects.

2 Stochastic Methods in Time-series Analysis

The birth of physics as a science is usually associated with the study of
mechanical objects moving with negligible fluctuations, such as the mo-
tion of planets. However, this type of systems is not unique, especially
at smaller scales where the interaction with the environment and its in-
fluence in the form of random fluctuations has to be taken into account.
The main theoretical tool to describe the evolution of such systems is the
theory of stochastic processes, which can be formulated in various ways:
in terms of a Master equation, Fokker-Planck type equation, random walk
model, Langevin equation, or through path integrals. Some systems can
present unpredictable chaotic behavior due to dynamically generated inter-
nal noise. Either truly stochastic or chaotic in nature, noisy processes repre-
sent the rule rather than an exception, not only in condensed matter physics
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but in many fields such as cosmology, geology, meteorology, ecology, genet-
ics, sociology, and economics. In fact the first formulation of the random
walk model and a stochastic process was given in the framework of an eco-
nomic study [2,3]. In the following we propose and discuss some questions
which we consider as possible land-marks in the field of time series analy-
sis.

2.1 Time-series Versus Random Walk

What if the time-series were similar to a random walk? The answer is: It
would not be possible to predict future price movements using the past price
movements or trends. Louis Bachelier, who was the first one to investigate this
issue in 1900 [2], reached the conclusion that “The mathematical expectation
of the speculator is zero” and described this condition as a “fair game.”

In economics, if P(t) is the price of a stock or commodity at time ¢,
then the “log-return” is defined as r,(t) = InP(t + 7) — In P(t), where 7
is the interval of time. Some statistical features of daily log-return are illus-
trated in Fig. 1, using the price time-series for the General Electric. The

1
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time (year)
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0 1 1 1 1 1 L 1 1 1
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Fig. 1. Price in USD (above), log-price (center) and log-return (below) plotted
versus time for the General Electric during the period 1982-2000.
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real empirical returns are compared in Fig. 2 with a random time-series
we generated using random numbers extracted from a Normal distribution
with zero mean and unit standard deviation. If we divide the time-interval
7 into N sub-intervals (of width At), the total log-return r,(t) is by defini-
tion the sum of the log-returns in each sub-interval. If the price changes in
each sub-interval are independent (Fig. 2 above) and identically distributed
with a finite variance, according to the central limit theorem the cumulative
distribution function F(r,) converges to a Gaussian (Normal) distribution
for large 7. The Gaussian (Normal) distribution has the following proper-
ties: (a) the average and most probable change is zero; (b) the probability
of large fluctuations is very low; (c) it is a stable distribution. The distri-
bution of returns was first modeled for “bonds” [2] as a Normal distribu-
tion,

P(r) = [\/%U} B exp (—1r°/20%) ,

where o2 is the variance of the distribution.

In the classical financial theories Normality had always been assumed,
until Mandelbrot [4] and Fama [5] pointed out that the empirical return dis-
tributions are fundamentally different. Namely, they are “fat-tailed” and more
peaked compared to the Normal distribution. Based on daily prices in different
markets, Mandelbrot and Fama found that F(r;) was a stable Levy distribu-
tion whose tail decays with an exponent o ~ 1.7. This result suggested that
short-term price changes were not well-behaved since most statistical prop-

e, \ | | | ]

|
0 500 1000 1500 2000 2500 300¢

0 2000 4000 6000 8000
time

Fig. 2. Random time-series, 3000 time steps (above) and Return time-series of the
S&P500 stock index, 8938 time steps (below).
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erties are not defined when the variance does not exist. Later, using more
extensive data, the decay of the distribution was shown to be fast enough to
provide finite second moment. With time, several other interesting features of
the financial data were unearthed.

The motive of physicists in analyzing financial data has been to find com-
mon or universal regularities in the complex time-series (a different approach
from those of the economists doing traditional statistical analysis of financial
data). The results of their empirical studies on asset price series show that the
apparently random variations of asset prices share some statistical properties
which are interesting, non-trivial, and common for various assets, markets,
and time periods. These are called “stylized empirical facts”.

2.2 “Stylized” Facts

Stylized facts are usually formulated using general qualitative properties of
asset returns. Hence, distinctive characteristics of the individual assets are
not taken into account. Below we consider a few ones from [6].

(i) Fat tails: Large returns asymptotically follow a power law F'(r;) ~ |r|”“,
with o > 2. The values a = 3.01 £0.03 and o = 2.84 +0.12 are found for
the positive and negative tail respectively [7]. An a > 2 ensures a well-
defined second moment and excludes stable laws with infinite variance.
There have been various suggestions for the form of the distribution:
Student’s-t (Fig. 3), hyperbolic, normal inverse Gaussian, exponentially
truncated stable, etc. but there no general consensus has been reached
yet

(ii) Aggregational Normality: As one increases the time scale over which
the returns are calculated, their distribution approaches the Normal form.
The shape is different at different time scales. The fact that the shape of
the distribution changes with 7 makes it clear that the random process
underlying prices must have non-trivial temporal structure.

(ii) Absence of linear auto-correlations: The auto-correlation of log-
returns, p(T) ~ (r (t + T)r,(t)), rapidly decays to zero for 7 > 15 min-
utes [8], which supports the “efficient market hypothesis” (EMH), dis-
cussed in Sect. 2.3. When 7 is increased, weekly and monthly returns
exhibit some auto-correlation but the statistical evidence varies from
sample to sample.

(iv) Volatility clustering: Price fluctuations are not identically distributed
and the properties of the distribution, such as the absolute return or
variance, change with time. This is called time-dependent or “clustered
volatility”. The volatility measure of absolute returns shows a positive
auto-correlation over a long period of time and decays roughly as a power-
law with an exponent between 0.1 and 0.3 [8-10]. Therefore high volatility
events tend to cluster in time, large changes tend to be followed by large
changes, and analogously for small changes.
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Fig. 3. S&P 500 daily return distribution and normal kernel density estimate. Dis-
tributions of log returns normalized by the sample standard deviation rising from
the demeaned S & P 500 (circles) and from a Tsallis distribution of index ¢ = 1.43
(solid line). For comparison, the normal distribution ¢ = 1 is shown (dashed line).
Reprinted and adapted from L. Borland, A Theory of Non-Gaussian Option Pricing,
arxiv:cond-mat/0205078; original figure in L.B. Robert Osorio and C. Tsallis, Dis-
tributions of High-Frequency Stock-Market Observables, in: Nonextensive Entropy:
Interdisciplinary Applications, M. Gell-Mann and C. Tsallis Eds., Santa Fe Institute
Studies on the Sciences of Complexity, Oxford University Press, Oxford, 2004; with
permission from Oxford University Press.

2.3 The Efficient Market Hypothesis (EMH)

A debatable issue in financial econometrics is whether the market is “efficient”
or not. The “efficient” asset market is that in which the information contained
in past prices is instantly, fully and continually reflected in the asset’s current
price. The EMH was proposed by Eugene Fama in his Ph.D. thesis work in the
1960’s, in which he argued that in an active market that consists of intelligent
and well-informed investors, securities would be fairly priced and reflect all
the information available. Till date there continues to be disagreement on the
degree of market efficiency. The three widely accepted forms of the EMH are:

e “Weak” form: all past market prices and data are fully reflected in securities
prices and hence technical analysis is of no use.

e “Semistrong” form: all publicly available information is fully reflected in
securities prices and hence fundamental analysis is of no use.
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e “Strong” form: all information is fully reflected in securities prices and
hence even insider information is of no use.

The EMH has provided the basis for much of the financial market research. In
the early 1970’s, evidence seemed to be available, supporting the the EMH:
the prices followed a random walk and the predictable variations in returns, if
any, turned out to be statistically insignificant. While most of the studies in
the 1970’s concentrated mainly on predicting prices from past prices, studies
in the 1980’s looked at the possibility of forecasting based on variables such as
dividend yield, too, see e.g. [11]. Several later studies also looked at things such
as the reaction of the stock market to the announcement of various events such
as takeovers, stock splits, etc. In general, results from event studies typically
showed that prices seemed to adjust to new information within a day of the
announcement of the particular event, an inference that is consistent with
the EMH. In the 1990’s, some studies started looking at the deficiencies of
asset pricing models. The accumulating evidences suggested that stock prices
could be predicted with a fair degree of reliability. To understand whether
predictability of returns represented “rational” variations in expected returns
or simply arose as “irrational” speculative deviations from theoretical values,
further studies have been conducted in the recent years. Researchers have
now discovered several stock market “anomalies” that seem to contradict the
EMH. Once an anomaly is discovered, in principle, investors attempting to
profit by exploiting such an inefficiency should result in the disappearance
of the anomaly. In fact, many such anomalies that have been discovered via
back-testing, have subsequently disappeared or proved to be impossible to
exploit due to high costs of transactions.

We would like to mention the paradoxical nature of efficient markets: if
every practitioner truly believed that a market was efficient, then the mar-
ket would not have been efficient since no one would have then analyzed the
behavior of the asset prices. In fact, efficient markets depend on market par-
ticipants who believe the market is inefficient and trade assets in order to
make the most of the market inefficiency.

2.4 Are There Any Long-time Correlations?

Two of the most important and simple models of probability theory and fi-
nancial econometrics are the random walk and the Martingale theory. They
assume that the future price changes only depend on the past price changes.
Their main characteristic is that the returns are uncorrelated. But are they
truly uncorrelated or are there long-time correlations in the financial time-
series? This question has been studied especially since it may lead to deeper
insights about the underlying processes that generate the time-series [12].

Next we discuss two measures to quantify the long-time correlations, and
study the strength of trends: the R/S analysis to calculate the Hurst exponent
and the detrended fluctuation analysis [13].
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Hurst Exponent from R/S Analysis

In order to measure the strength of trends or “persistence” in different pro-
cesses, the rescaled range (R/S) analysis to calculate the Hurst exponent can
be used. One studies the rate of change of the rescaled range with the change
of the length of time over which measurements are made. We divide the time-
series & of length T into N periods of length 7, such that N7 = T. For each
period ¢ = 1,2,..., N, containing 7 observations, the cumulative deviation is

T

X(r)= Y (G-, (1)

t=(i—1)7+1
where (£)_ is the mean within the time-period and is given by

T

0.=> > & )

t=(i—1)7+1

The range in the i-th time period is given by R(7) = max X (7) — min X (7),
and the standard deviation is given by

T

sm=12 Y @-w©)] . (3)

t=(i—1)7+1
Then R(7)/S(7) is asymptotically given by a power-law
R(r)/S(r) = k', (4)

where x is a constant and H the Hurst exponent. In general, “persistent”
behavior with fractal properties is characterized by a Hurst exponent 0.5 <
H < 1, random behavior by H = 0.5 and “anti-persistent” behavior by 0 <
H < 0.5. Usually Eq. (4) is rewritten in terms of logarithms, log(R/S) =
Hlog(7) + log(k), and the Hurst exponent is determined from the slope.

Detrended Fluctuation Analysis (DFA)

In the DFA method the time-series & of length T is first divided into N
non-overlapping periods of length 7, such that N7 = T. In each period i =
1,2,..., N the time-series is first fitted through a linear function z; = at + b,
called the local trend. Then it is detrended by subtracting the local trend, in
order to compute the fluctuation function,

1T

=12 Y @-ar| )

t=(i—1)7+1
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The function F(7) is re-computed for different box sizes 7 (different scales)
to obtain the relationship between F(7) and 7. A power-law relation between
F(7) and the box size 7, F(1) ~ 7%, indicates the presence of scaling. The
scaling or “correlation exponent” o quantifies the correlation properties of the
signal: if & = 0.5 the signal is uncorrelated (white noise); if & > 0.5 the signal
is anti-correlated; if a < 0.5, there are positive correlations in the signal.

Comparison of Different Time-series

Besides comparing empirical financial time-series with randomly generated
time-series, here we make the comparison with multivariate spatiotemporal
time-series drawn from coupled map lattices and the multiplicative stochastic
process GARCH(1,1) used to model financial time-series.

Multivariate Spatiotemporal Time-series Drawn from Coupled Map Lattices

The concept of coupled map lattices (CML) was introduced as a simple model
capable of displaying complex dynamical behavior generic to many spatiotem-
poral systems [14,15]. Coupled map lattices are discrete in time and space, but
have a continuous state space. By changing the system parameters, one can
tune the dynamics toward the desired spatial correlation properties, many
of them already studied and reported [15]. We consider the class of diffu-
sively coupled map lattices in one-dimension, with sites i = 1,2,...,n, of the
form

via=0—ef () +e[ fly™) +fwi)]/2, (6)

where f(y) = 1 — a y? is the logistic map whose dynamics is controlled by
the parameter a and the parameter ¢ measures the coupling strength be-
tween nearest-neighbor sites. We generally choose periodic boundary condi-
tions, 2(n+1) = z(1). In the numerical computations reported by Chakraborti
and Santhanam [16], a coupled map lattice with n = 500 was iterated starting
from random initial conditions, for p = 5 x 107 time steps, after discarding
10° transient iterates. As the parameters a and e are varied, the spatiotem-
poral map displays various dynamical features like frozen random patterns,
pattern selection, space-time intermittency, and spatiotemporal chaos [15]. In
order to study the coupled map lattice dynamics found in the regime of spa-
tiotemporal chaos, where correlations are known to decay rather quickly as
a function of the lattice site, the parameters were chosen as a = 1.97 and
e=04.

Multiplicative Stochastic Process GARCH(1,1)

Considerable interest has been in the application of ARCH/GARCH models
to financial time-series, which exhibit periods of unusually large volatility fol-
lowed by periods of relative tranquility. The assumption of constant variance
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or “homoskedasticity” is inappropriate in such circumstances. A stochastic
process with auto-regressional conditional “heteroskedasticity” (ARCH) is ac-
tually a stochastic process with “non-constant variances conditional on the
past but constant unconditional variances” [17]. The ARCH(p) process is de-
fined by the equation

2 2 2
Oy = Qo +oaxi_q + ...+ apTi_,, (7)

where the {ag, a1, ...a;,} are positive parameters and z; is a random variable
with zero mean and variance o2, characterized by a conditional probability
distribution function f;(x), which may be chosen as Gaussian. The nature of
the memory of the variance o7 is determined by the parameter p.

The generalized ARCH process GARCH(p, ¢) was introduced by Boller-
slev [18] and is defined by the equation

ol =ao+ o]+ ...+ agm o+ ..+ Bpoi (8)

where {01, ..., 3,} are additional control parameters.
The simplest GARCH process is the GARCH(1,1) process, with Gaussian
conditional probability distribution function,

2 2 2
op = a0+ oz + fiopy . (9)
The random variable x; can be written in term of oy defining x; = 1,04, where
7 is a random Gaussian process with zero mean and unit variance. One can
rewrite Eq. 9 as a random multiplicative process

of =ap+ (un? | + Bi)ot ;. (10)

DFA Analysis of Auto-correlation Function of Absolute Returns

The analysis of financial correlations was done in 1997 by the group of H.E.
Stanley [9]. The correlation function of the financial indices of the New York
stock exchange and the S&P 500 between January, 1984 and December, 1996
were analyzed at one minute intervals. The study confirmed that the auto-
correlation function of the returns fell off exponentially but the absolute value
of the returns did not. Correlations of the absolute values of the index returns
could be described through two different power laws, with crossover time
tx ~ 600 minutes, corresponding to 1.5 trading days. Results from power
spectrum analysis and DFA analysis were found to be consistent. The power
spectrum analysis of Fig. 4 yielded exponents $; = 0.31 and 2 = 0.90 for
f > fx and f < fx, respectively. This is consistent with the result that
a=(1+0)/2and tyx = 1/f«, as obtained from detrended fluctuation anal-
ysis with exponents a; = 0.66 and as = 0.93 for ¢t < tx and ¢t > t«, respec-
tively.
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Fig. 4. Power spectrum analysis (left) and detrended fluctuation analysis (right)
of auto-correlation function of absolute returns. Reprinted from Y. Liu, P. Cizeau,
M. Meyer, C.-K. Peng, and H.E. Stanley, Correlations in Economic Time Series,
Physica A 245, 437 (1997), Copyright (1997), with permission from Elsevier.

Numerical Comparison

In order to provide an illustrative example, in Fig. 5 a comparison among
various analysis techniques and process is presented, while the values of the
exponents of the Hurst and DFA analyzes are listed in Table 1. For the numeri-
cal computations reported by Chakraborti and Santhanam [16], the parameter
values chosen were oy = 0.00023, a; = 0.09 and Gy = 0.01.

) =
Eost 1 £
g g
06 - A -
0.4 -
J 2k i
02+ -
. L . L . L . L . 3 . L . L . I . L .
s 1 1.2 1.4 16 1.8 0 1 2 3 4 5

Log(x) Log(t)

Fig. 5. R/S (left) and DFA (right) analyses: Random time-series, 3000 time steps
(black solid line); multivariate spatiotemporal time-series drawn from coupled map
lattices with parameters a = 1.97 and ¢ = 0.4, 3000 time steps (black filled up-
triangles); multiplicative stochastic process GARCH(1,1) with parameters ag =
0.00023, ax = 0.09 and By = 0.01, 3000 time steps (filled squares); Return time-
series of the S&P500 stock index, 8938 time steps (filled circles).
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Table 1. Hurst and DFA exponents.

Process Hurst exponent | DFA exponent
Random 0.50 0.50
Chaotic (CML) 0.46 0.48
GARCH(1,1) 0.63 0.51
Financial Returns 0.99 0.51

3 Random Matrix Methods in Time-series Analysis

The R/S and the detrended fluctuation analysis considered in the previous sec-
tion are suitable for analyzing univariate data. Since the stock-market data
are essentially multivariate time-series data, it is worth constructing a corre-
lation matrix to study its spectra and contrasting it with random multivari-
ate data from coupled map lattice. Empirical spectra of correlation matrices,
drawn from time-series data, are known to follow mostly random matrix the-

ory (RMT) [19].
3.1 Correlation Matrix and Eigenvalue Density
Correlation Matrix

Financial Correlation Matrix

If there are N assets with a price P;(t) for asset i at time ¢, the logarithmic
return of stock 7 is r;(t) = In P;(¢) —In P;(t — 1). A sequence of such values for
a give period of time forms the return vector r;. In order to characterize the
synchronous time evolution of stocks, one defines the equal time correlation
coefficients between stocks ¢ and 7,

pig = [(rirs) = () (r3))/ J ()= @?) ()~ )?], D

where (...) indicates a time average over the trading days included in the
return vectors. The correlation coefficients p;; form an N x N matrix, with
—1 < pi; < 1. 1If p;; = 1, the stock price changes are completely correlated;
if p;; = 0, the stock price changes are uncorrelated and if p;; = —1, then the
stock price changes are completely anti-correlated.

Correlation Matrixz from Spatiotemporal Series from Coupled Map Lattices

Consider a time-series of the form z'(x,t), where x = 1,2,...,n and t =
1,2,...,p denote the discretized space and time. In this way, the time-series
at every spatial point is treated as a different variable. We define
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z(x,t) = [z’(z,t) — <z’(:c)>}/o(:c), (12)

as the normalized variable, with the brackets (.) representing a temporal aver-
age and o(x) the standard deviation of 2z’ at position x. Then, the equal-time
cross-correlation matrix can be written as

Sm,m’ = <Z($,t)2’(f[:/,t)>, ;57;5’: L2,...,n. (13)

This correlation matrix is symmetric by construction. In addition, a large
class of processes is translationally invariant and the correlation matrix will
possess the corresponding symmetry. We use this property for our correlation
models in the context of coupled map lattices. In time-series analysis, the
averages (.) have to be replaced by estimates obtained from finite samples.
We use the maximum likelihood estimates, i.e., (a(t)) ~ % P_,a(t). These
estimates contain statistical uncertainties which disappear for p — oo. Ideally
we require p > n to have reasonably correct correlation estimates.

Eigenvalue Density

The interpretation of the spectra of empirical correlation matrices should be
done carefully in order to distinguish between system specific signatures and
universal features. The former ones express themselves in a smoothed level
density, whereas the latter ones are usually represented by the fluctuations
on top of such a smooth curve. In time-series analysis, matrix elements are
not only prone to uncertainties such as measurement noise on the time-series
data, but also to the statistical fluctuations due to finite sample effects. When
characterizing time series data in terms of RMT, we are not interested in these
sources of fluctuations, which are present on every data set, but we want to
identify the significant features which would be shared, in principle, by an
“infinite” amount of data without measurement noise. The eigenfunctions of
the correlation matrices constructed from such empirical time-series carry the
information contained in the original time-series data in a “graded” manner
and provide a compact representation for it. Thus, by applying an approach
based on RMT, we try to identify non-random components of the correlation
matrix spectra as deviations from RMT predictions [19].

We now consider the eigenvalue density, studied in applications of RMT
methods to time-series correlations. Let N'(X) be the integrated eigenvalue
density, giving the number of eigenvalues smaller than a given A. The eigen-
value or level density, p(A) = dN(X)/d\, can be obtained assuming a random
correlation matrix [20]. Results are found to be in good agreement with the
empirical time-series data from stock market fluctuations [21]. From RMT
considerations, the eigenvalue density for random correlations is given by

Prmt(A) = [Q/ 27NV (Amaz — M)A = Amin) - (14)

Here Q = N/T is the ratio of the number of variables to the length of each
time-series, while A\jpin = 14+ 1/Q — 24/1/Q and A = 1+ 1/Q + 2/1/Q
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represent the minimum and maximum eigenvalues of the random correlation
matrix. The presence of correlations in the empirical correlation matrix pro-
duces a violation of this form of eigenvalue density, for a certain number of
dominant eigenvalues, often corresponding to system specific information in
the data. As examples, Fig. 6 shows the eigenvalue densities for S&P500 data
and for the chaotic data from coupled map lattice are shown: the curves are
qualitatively different from the form of Eq. (14).
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p(A)
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0.6 08 1 1.2}L 14 16 18 2

Fig. 6. Spectral density for multivariate spatiotemporal time-series drawn from
coupled map lattices (left) and eigenvalue density for the return time-series of the
S&P500 stock market data, 8938 time steps (right).

3.2 Earlier Estimates and Studies Using Random Matrix Theory
(RMT)

Laloux et al. [22] showed that results from RMT were useful to understand
the statistical structure of the empirical correlation matrices appearing in
the study of price fluctuations. The empirical determination of a correlation
matrix is a difficult task. If one considers N assets, the correlation matrix
contains N(N — 1)/2 mathematically independent elements, which must be
determined from NN time-series of length 7T'. If T" is not very large compared to
N, then generally the determination of the covariances is noisy, and therefore
the empirical correlation matrix is to a large extent random. The smallest
eigenvalues of the matrix are the most sensitive to this “noise”. But the eigen-
vectors corresponding to these smallest eigenvalues determine the minimum
risk portfolios in Markowitz’s theory. It is thus important to distinguish “sig-
nal” from “noise” or, in other words, to extract the eigenvectors and eigenvalues
of the correlation matrix, containing real information (which is important for
risk control), from those which do not contain any useful information and
are unstable in time. It is useful to compare the properties of an empirical
correlation matrix to a “null hypothesis” — a random matrix which arises for
example from a finite time-series of strictly uncorrelated assets. Deviations
from the random matrix case might then suggest the presence of true infor-
mation. The main result of the study was a remarkable agreement between
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theoretical predictions, based on the assumption that the correlation matrix
is random, and empirical data concerning the density of eigenvalues. This is
shown in Fig. 7 for the time-series of the different stocks of the S&P 500 (or
other stock markets).

6

Market | T

40 60

Fig. 7. Eigenvalue spectrum of the correlation matrices. Reprinted and adapted
from L. Laloux, P. Cizeau, J.-P. Bouchaud, and M. Potters, Noise Dressing of Fi-
nancial Correlation Matrices, Phys. Rev. Lett. 83, 1467 (1999), Copyright (1997)
by the American Physical Society.

Cross-correlations in financial data were also studied by Plerou et al. [23],
who analyzed price fluctuations of different stocks through RMT. Using two
large databases, they calculated cross-correlation matrices of returns con-
structed from: (i) 30-min returns of 1000 US stocks for the period 1994-95;
(i) 30-min returns of 881 US stocks for the period 1996-97; (iii) 1-day re-
turns of 422 US stocks for the period 1962-96. They tested the statistics of
the eigenvalues \; of cross-correlation matrices against a “null hypothesis” and
found that a majority of the eigenvalues of the cross-correlation matrices were
within the RMT bounds (Amin, Amaz) defined above for random correlation
matrices. Furthermore, they analyzed the eigenvalues of the cross-correlation
matrices within the RMT bound for universal properties of random matrices
and found good agreement with the results for the Gaussian orthogonal en-
semble (GOE) of random matrices, implying a large degree of randomness in
the measured cross-correlation coefficients. It was found that: (i) the distri-
bution of eigenvector components, for the eigenvectors corresponding to the
eigenvalues outside the RMT bound, displayed systematic deviations from the
RMT prediction; (ii) such “deviating eigenvectors” were stable in time; (iii)
the largest eigenvalue corresponded to an influence common to all stocks; (iv)
the remaining deviating eigenvectors showed distinct groups, whose identities
corresponded to conventionally-identified business sectors.
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4 Approximate Entropy Method in Time-series Analysis

The Approximate Entropy (ApEn) method is an information theory-based es-
timate of the complexity of a time series introduced by S. Pincus [24], formally
based on the evaluation of joint probabilities, in a way similar to the entropy
of Eckmann and Ruelle. The original motivation and main feature, however,
was not to characterize an underlying chaotic dynamics, rather to provide
a robust model-independent measure of the randomness of a time series of
real data, possibly — as it is usually in practical cases — from a limited data
set affected by a superimposed noise. ApEn has been used by now to ana-
lyze data obtained from very different sources, such as digits of irrational and
transcendental numbers, hormone levels, clinical cardiovascular time-series,
anesthesia depth, EEG time-series, and respiration in various conditions.

Given a sequence of N numbers {u(j)} = {u(1),u(2),...,u(N)}, with
equally spaced times t;1 — t; = At = const, one first extracts the sequences
with embedding dimension m, i.e., (i) = {u(é),u(i + 1),...,u(i +m — 1)},
with 1 <¢ < N —m+ 1. The ApEn is then computed as

ApEn = @™ (r) — ™ (1), (15)

where 7 is a real number representing a threshold distance between series, and
the quantity ¢ (r) is defined as

N—m-+1

" (r) = W[C(r)]) = Y W[C(r))/(N —m+1). (16)

i=1

Here C7"(r) is the probability that the series x(i) is closer to a generic series
x(j) (j < N —m+1) than the threshold r,

Ci"(r) = Nd(i, j) < r]/(N =m+1), (17)

with AM[d(i,7) < r] the number of sequences x(j) close to x(i) less than r.
As definition of distance between two sequences, the maximum difference (in
modulus) between the respective elements is used,

d(i,j) = uax (lu(f+k—1)—u(i+k—1)|). (18)
Quoting Pincus and Kalman [25], “... ApEn measures the logarithmic fre-

quency that runs of patterns that are close (within r) for m contiguous ob-
servations remain close (within the same tolerance width r) on the next in-
cremental comparison”. Comparisons are intended to be done at fixed m and
r, the general ApEn(m,r) being in fact a family of parameters.

In economics, the ApEn method has been shown to be a reliable estimate
of the efficiency of market [24-26] and has been applied to various economi-
cally relevant events. For instance, the ApEn computed for the S&P 500 index
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has shown a drastic increase in the two-week period preceding the stock mar-
ket crash of 1987. Just before the Asian crisis of November 1997, the ApEn
computed for the Hong Kong’s Hang Seng index, from 1992 to 1998, assumes
its highest values. More recently, a broader investigation carried out for vari-
ous countries through the ApEn by Oh, Kim, and Eom, revealed a systematic
difference between the efficiencies of the markets between the period before
and after the the Asian crisis [27].
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Correlations, Delays and Financial Time Series

K.B.K. Mayya and M.S. Santhanam

Physical Research Laboratory, Navrangpura, Ahmedabad 380 009, India

Summary. We study the returns of stock prices and show that in the context of
data from Bombay stock exchange there are groups of stocks that remain moderately
correlated for up to 3 days. We use the delay correlations to identify these groups
of stocks. In contrast to the results of same-time correlation matrix analysis, the
groups in this case do not appear to come from any industry segments. We present
our results using the closing prices of 326 significant stocks of Bombay stock exchange
for the period 1995 to 2005.

1 Introduction

The study of financial time series from the perspective of the models in physics
is an active area of research. Much of the work is focussed on studying the
time series from the stock markets and modelling them based primarily on
the ideas of statistical physics. For instance, it is now broadly agreed that
the distributions of returns from the stock markets are scale invariant [1]. In
general, it is assumed that the time series of returns from the stocks are more
or less like white noise. This implies that the successive return values are nearly
uncorrelated. For instance, the auto-correlation of the returns would throw up
a delta function at zero delay. In this article, we ask the question if the time
series of returns can remain correlated with delays. Infact, it is known from
several studies [2] that there are certain stocks which tend to display similar
evolution. Often, they are stocks from similar industry segement, such as the
automobile or technology companies. In this article, we study the correlation
between the retruns of stock prices as a function of delays.

2 Correlated Stocks, Returns and Delays

In this work, we study the presence of delays in stock markets using the daily
closing data from the Bombay Stock Exchange for the years 1995-2005. We
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start from the observation that certain stocks remain correlated for several
years together. For instance, in Fig. 1, we show the stock prices of Infosys
and Wipro which are strongly correlated over the entire period of the data
under consideration. For any two standardised quantitites (i.e, mean zero and
variance unity), z(¢) and y(t), we define the cross-correlation as,

C(r) = {x(t)y(t + 7)) (1)

where, 7 is the delay and the angular bracket denotes the sample average. In
the case of data shown in Fig. 1, the correlation at zero delay is C'(0) = 0.986
and this provides a quantitative confirmation of the strong correlation between
the two. However, notice that even though these stocks are strongly correlated
we will not be able use this to any advantage since the returns of these stocks
are not as strongly correlated. We define the returns for the stock z as,

- z(t+1)—z(t) ©)
Ox

The returns for the stocks in Fig. 1 are shown in Fig. 2. We calculate the
cross-correlation between them and the result is displayed in Fig. 3 . Clearly,
the cross-correlation is significant only for values of 7 < 3 days. This implies
that inspite of the delays of the order of 2-3 days, there exist some residual
correlation among certain stocks. If the time series of returns were purely white
noise, even a delay of one day would destroy all the correlations present in the
data. The idea that returns contain some moderate correlations can be further
confirmed by subjecting the data to detrended fluctuation analysis (DFA) [3].
The DFA is a technique to study the long range correlations present in non-
stationary time series. For white noise, DFA gives an exponent of 0.5. The
detrended fluctuation analysis performed on the returns for Wipro Ltd gives
a slope of about 0.59 + 0.01 which places it close to but not quite white noise
exponent of 0.5. This preliminary analysis reveals that there could be groups of
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Fig. 1. The daily closing stock prices of Infosys and Wipro during 2001-2005. Note
that they are strongly correlated.
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Fig. 2. The daily returns from the stocks of Infosys and Wipro during 2001-2005.
As compared to Fig. 1, they are not as strongly correlated.
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Fig. 3. The cross correlation between Infosys and Wipro as a function of time lag
7 in days. Correlations continue to remain significant only for about 2-3 days.

stocks that could display residual cross correlation for short delay times. This
provides the impetus to study the delay correlations among stocks. This can
be elegantly done in the framework of delay correlation matrix. The study
of delay correlation matrix and its random delay correlations have become
important for several applications where lead-lag relationships are important.
For instance, the U.S stock market was reported to show lead-lag relations
between returns of large and small stocks [5]. have been few studies of random
delay correlations in the last two years [6, 7].
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It has been shown based on the analysis of zero delay correlation matrix
that group structure is not strong in Indian stock markets [4]. In this work,
we will explore the group structure in the context of delay correlations and
show that the groups obtained from analysis of delay correlation matrices do
not belong to same industry segments.

3 Delay Correlation Matrix

We consider the symmetrised delay correlation matrix whose elements would
represent the delay correlation between ith and jth stock.

Ciy(1) = zi(t)zj(t +7) + 2 ()2 (t + 7) (3)
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Fig. 4. The eigenvalue density of the delayed correlation matrix from the daily
closing data of Bombay stock exchange. The dashed curve is the theoretical curve.
(a) 7=0, (b) 7=1, (c) 7 =2 and (d) 7 = 3. Note that three largest eigenvalues de-
viate strongly from the eigenvalue density for a random delay correlation matrix. As
T increases, the deviating eigenvalues are drawn closer to the bulk of the eigenvalue
density.
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This can be written in matrix notation as [6],

T, T
o) = MOMTO) + MENVT ) "

where M is the data matrix of order m x n. Assuming that the C(7) is
a random delay correlation matrix, Mayya and Amritkar [6] have obtained
the analytical expression for the eigenvalue density for the case m = n and
it is given by, p,(\) = 1/(2m0?)(\/202/|\| — 1), where o is the standard
deviation of the standardised data. In general, for n > m, p,(A) will have
to be numerically obtained by solving a fourth order algebraic equation. The
case of delay correlation matrix without symmetrising has been considered by
Biely and Thurner [7] and they have obtained the eigenvalue density in the
general case of non-symmetric correlation matrix.

4 Dominant Modes and Delays
In Fig. 4 , we show the eigenvalue density for 7 = 0,1, 2, 3 and the correpond-

ing “theoretical” curve obtained by simulating an ensemble of random delay
correlation matrices. Notice that the largest three eigenvalues for 7 =1,2,3

0.008 - a -

0.004 .

0.0g t 1 t T t T

Fig. 5. The square of the eigenvectors corresponding to the first three deviating
eigenvalues for 7 = 1 case. (a) A1, (b) A2, (¢) As.
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also deviate significantly from the theoretical eigenvalue density shown as
dashed line. The case of deviations of eigenvalues for 7 = 0 is already well
documented in the literature [2]. The groups of stocks corresponding to these
eigenvalues display significant correlations in the face of delays. Beyond, 7 = 3,
no significant deviations are seen in the eigenvalue density. Hence, in the In-
dian stock market there are certain groups of stocks whose returns remain
moderately correlated for about 2-3 days.

In order to identify the groups of stocks that contribute to the deviating
eigenvalues, we study the eigenvectors corresponding to these eigenvalues. The
largest eigenvalue Ay for all 7 < 3 corresponds to the market mode with almost
all the stocks contributing to it. This is similar to the market mode identified
in the case of correlation at zero delay. The next significant eigenvalues Ay and
A3 at 7 = 1 and 7 = 2 contain signatures of the correlated groups of stocks.
In this case, these group seem to remain correlated for delays of upto 7 < 3.
However, these set of stocks that contribute significantly to Ao at 7 = 1 and
7 = 2 do not appear to belong to the same industry segment. The first three
eigenvectors of the delay correlation matrix at 7 = 1 are shown in Fig. 5. Their
eigenvalues deviate from RMT result as shown in Fig. 4(b). In Fig. 6, we show
the eigenvectors of deviating eigenvalues for 7 = 2. Interestingly, the same set
of stocks seem to contribute to all the deviating eigenvalues for 7 =1, 2.

0.05 \
0.04
0.03
0.02

0.01

0 Wl
0.04

0.03
0.02
0.01

0.091

0.03

0.02

0.01

0

Fig. 6. The square of the eigenvectors corresponding to the first three deviating
eigenvalues for 7 = 2 case. (a) A1, (b) A2, (¢) As.
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5 Discussions

The time series of returns for certain groups of stocks show non-negligible
correlations for short delays. In the case of daily closing data obtained from
the Bombay stock exchange, the moderate correlations among the returns
extends for about 2-3 days. The groups of stocks which show this tendency
can be identified using the delay correlation matrix formalism. The results
here would imply that modelling of returns should incorporate mechanisms
for groups of stocks that display such mild correlations in empirical data. The
emergence of group structure could be an important factor that differentiates
developed and growing economies. In this context, it would be interesting to
do a thorough analysis of delay correlation matrix with data from developed
and emerging markets.
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Option Pricing with Log-stable Lévy Processes
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Summary. We model the logarithm of the price (log-price) of a financial asset as
a random variable obtained by projecting an operator stable random vector with
a scaling index matrix £ onto a non-random vector. The scaling index E models
prices of the individual financial assets (stocks, mutual funds, etc.). We find the
functional form of the characteristic function of real powers of the price returns
and we compute the expectation value of these real powers and we speculate on
the utility of these results for statistical inference. Finally we consider a portfolio
composed of an asset and an option on that asset. We derive the characteristic
function of the deviation of the portfolio, @il), defined as a temporal change of
the portfolio diminished by the the compound interest earned. We derive pseudo-
differential equations for the option as a function of the log-stock-price and time and
we find exact closed-form solutions to that equation. These results were not known
before. Finally we discuss how our solutions correspond to other approximate results
known from literature,in particular to the well known Black & Scholes equation.

Key words: Option pricing, heavy tails, operator stable, fractional calculus

1 Introduction

Early statistical models of financial markets assumed that asset price returns
are independent, identically distributed (iid) Gaussian variables. [1]. However,
evidence has been found [2] that the returns exhibit power law (fat) tails in
the high end of the distribution. Except at very high frequencies or short times
([2]), a better statistical description for many financial assets is provided by
a model where the logarithm of the price is a heavy tailed one-dimensional
Lévy p-stable process [3-6]. Since the tail parameter p that measures the
probability of large price jumps will vary from one financial asset to the next,
a model based on operator stable Lévy processes |7] is appropriate. This model
allows the tail index to differ for each financial asset in the portfolio. Hence
we formulate a model where the log-price is a projections of an operator sta-
ble random vector onto a predefined direction (this projection determines the
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portfolio mix). The cumulative probability distribution of the log-price dimin-
ishes as a mixture of power laws and thus the higher-order moments of the
distribution may not exist and the characteristic function of the distribution
may not be analytic.

Due to the constraints on the size of this paper we only include new results
leaving proofs for further publications.

2 The Model of the Stock Market

In this section we define the model. In the following we recall certain known
properties of operator stable distributions and we derive Fourier transforms
of real powers of projections of operator stable vectors onto a non-random
vector. In subsections (2.2) and (2.3) we derive Fourier transforms of operator
stable random vectors for particular forms of parameters of the distribution.

2.1 The Basic Properties and New Results

Let log(S:) be the logarithm of the price of the portfolio (log-price) at time
t. We assume that the temporal change of the log-price is composed of two
terms, a deterministic term and a fluctuation term viz:

dSy  Sivar — St
4ot _ Swvdt =5t _ iy o L 1
S, S, adt+o - aly (1)

The parameters o € R (the drift) and the elements of the D dimensional
vector o := (01,...,0p) (the portfolio mix) are assumed to be non-random
constants. The random vector Ly is (strictly) operator stable, meaning that
it is an operator-normalized limit of a sum of some independent, identically
distributed (iid) random vectors X;. We have

[nt]

L, := lim n ) X, (2)
where n=F = exp(—F1Inn) and F is a real D-dimensional matrix such that
the equality holds in distribution. The class of distributions of the former
vectors related to a given matrix F is termed an attraction domain of an
operator stable law. Members of such class are usually unknown.

We now recall some known facts [7] concerning the operator stable prob-
ability density wy,, and its Fourier transform w(k) := Fx[w](k).
The following identities hold:

wr, (x) = wr, (t7Fx) det(t=F) forall t > 0. (3)

and



Option Pricing with Log-stable Lévy Processes 79

G (K) = exp (~16(K)) =& (7K = &r, (k) (4)

where ET is the transpose of E and ¢ is the negative logarithmic character-
istic function of the random vector L. In the following we assume that that
function is even:

p(k) = o(=k) (5)
The identities (3) are termed as a self-similar property of the random walk
Lt.

A motivation for introducing model (1) is statistical inference of param-
eters of a distribution that describes real financial data. In this context it is
useful to know analytically the distribution of a real power of the integrated
fluctuation term in (1). In general this is not known. Here we derive some
new results for operator stable Levy distributions. Denote by v, (8 )( ) the pdf
of a random process H(ﬁ) :(o-L ) and by I/(B)(k}) its Fourier transform. For
([ > 1 the identity holds:

oo

/dm(t )/c (e, \) for f # 1

e (6)
( ) for g =1
where
1
2—/d1€e_ktﬁ (ve ™ 4 epe™ ) if [B] is even
i
0
K (k,\) == N (7)
1 ,
2—/d1€e_ktﬁ (ve ™ +xpe ™) if | 8] is odd
i

and ¢ := o/ |o| and v := exp(ur/(25)), p:= exp(—ww{B}/(8)). The symbols
|3] and {8} mean the biggest integer not larger then [ and the fractional
part of 3 respectively, and € := ko”.

In addition for even values of | 3] we have:

1/8
5k / doe- /dg (sm )w <tET (g) §0> “
l(t B)
where the integration line [(v, 3)) reads:
I(r, B) == [0,t Poo] U [0, (1)t P 0] ©)

The identities (8) and (9) may be useful for describing the magnitude of the
fluctuations of a random walk.
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Thus it follows that the fractional moments of the scalar product are ob-
tained by differentiating the Fourier transform at £ = 0. We will obtain closed
form results for these moments in section (2.4). Here we only recall that in
the non-Gaussian case, due to (5), we have:

gl [ oo when 3 is even
E [(U L) } o { 0 when S is odd } (10)

In addition for 8 > 0 there the moment exists only if 3 does not exceed
a certain threshold value.

It is our objective to price options on the portfolio of stocks driven by
operator stable fluctuations (see section (3)). By this we mean a theory that
1) allows inference of the the stable index E and the Lévy measure of the
whole vector of stock prices (market)from a statistical sample and 2)hedges
against risk in the market by the construction of an appropriate option. To
the best of our knowledge, this has not yet been achieved.

The generic properties of operator stable probability distributions and
their marginals are described in [7]. Here we recall some known facts and we
analyse two particular cases of the stable index. The Fourier transform w(k) is
uniquely determined via the stable index E and the log-characteristic function
¢ confined to a unit sphere. This can be seen by representing the vector k in
the Jurek coordinates viz

k=rZ" .04 (11)

where |0x| = 1. Using the scaling relation (4) we get:

exp (i (61)) = & (01) =& (- 0 ) = @(K) exp(~0(K))  (12)

and thus
p(k) = ro (Ox) (13)

Since it follows from the Jordan decomposition theorem that every matrix
FE is, in a certain basis, a block diagonal matrix the set of all possible jump
intensities w is narrowed down to few classes of solutions only, each one corre-
sponding to a particular Jordan decomposition of the matrix £. We now firstly
investigate a few classes of solutions as a function of £ and subsequently the
generic solution for an arbitrary E. The existence results in this field are given
in [7]. We stress that, contrary to [7], we aim at computing the characteristic
functions and the fractional moments in closed form rather than only showing
their existence.

2.2 Pure Scaling

In this case E = (Du)~'I where I is a D dimensional identity matrix and
w > 0 is a constant. From (11) we see that:
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L3

k= /0y = 1 X

hence ri = |k|”* and 6 = k/ |k| and so

509 =exp (- 170 (1)) (15)

The S-marginal probability density function from (6) reads:

7P (k) = [ O:o d) exp {t|/\|D“¢ <|Z—|sign()\)> } K®(kaP,\)  (16)

where the kernel K is defined in (7). From the properties of the Gamma
function we obtain easily the fractional moment of the scalar product as:

E(o-L)°| = (8, Dp)- (ot“’“)’l)ﬁ- (Cos (%) eﬁ) Lo/ (1)

where

. _8
&(B3,Dp) = DzZ:/;F (B; 1> 1;(([;)) (18)

Here ¢+ := ¢(£). The moment exists for 5 < Dpu. The prefactor (18) in (17)
fits in with the known result for the fractional moment of a modulus of a sta-
ble variable (see equation (3.6) page 32 in [9]). For the derivations of that
result by means of the Mellin-Stieljes transform see [25,26] and by means of
characteristic functions see [27].

2.3 Scaling & Rotation

In this case D = 2 and we chose:
_(@emt b
E = ( bo(2p)! (19)

Clearly the trace Tr[E] = p~1. We denote by Op := (Z?;Egg 75&2%2; > a two

dimensional rotation by an angle 5 € R. The mapping:
PR 3k — WO,k € R (20)
changes the length of k by a multiplicative factor r(2W7" and rotates the

vector by an angle —blog(r). The Jurek coordinates read: r = |[k|** and
i = Oappu10g(jk)) (K/ [k|) and so

&(k) = exp (— k| ¢ (O2bulog(kl)%)> (21)
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The f-marginal probability density function and the fractional moment read:

. o o
7 (k) = / d\ exp {tw% <02,,M log(lw?) } K@ (kaP N (22)

e |

and

o - o) o (2)%)

27

1
S B/CW) (O &) 9

5 | A" (0,9) (23)
0

respectively. Here €(3,2u) is defined in (18). The moment exists for 5 < 2u.
Since the moment depends on the average of a power of the log-characteristic
function over the unit sphere we conclude that the knowledge of the moments
does not determine the distribution in a unique manner.

In the following section we compute the fractional moments of the scalar
product in the generic case of a operator stable distribution.

2.4 The Generic Case

Assume that the stable index has D different eigenvalues {)\p}le that are
either real or pairwise complex conjugate. Then the following spectral decom-

position holds:
E'0 - Diag(\) = Q™' (24)

where Diag()\) := (5i1j>\j)‘1'Dj:1 and such that the matrix O is unitary

=1 (25)

IS

.0t =0".

IS

Then from (24), from the definition of the operator P2 = exp(éT log(r))
and from the Cayley-Hamilton theorem we easily arrive at the identity:

rZ" .= 0 - Diag(r) - 07! (26)

where Diag(r*) := (6; ;7 )szl From (11) and (26) we obtain following equa-

tions for the Jurek coordinates r := r5) and ér := 05 of the vector d\. We
denote \; := ©; +11; and we have:

D

1
2

ZNPRE .
— J -E -
A= 126; ‘T -9
j=1

i=1



Option Pricing with Log-stable Lévy Processes 83

where 7; := Q;jl&j are projections of the unit vector 6 onto the eigenvectors
of the stable index (rows of the matrix Q‘l or columns of the matrix O). If
the unit vector is proportional to the [th eigenvector then &; = d;; and from
(27) we get r = A8 and 0, = A"/,

The fractional moment reads:

Efio10"] = e (g.07) - (11)" - (cos (35) 27)

A J
i#J

2m
1
8 %/ dE7 (756) L5 saip(emrca®s spoPlotesayzer (28)
0

Here [ is such a number that ©; — ©; > 0 for all j # [ such that |5;| > 0, and
J:={jl0; =0,}, D* = D — card(J) + 1, and €(8,60; ") is defined in (18).
The moment exists for §@; < 1, meaning if S does not exceed the inverse
biggest real part of eigenvalues of the tail index E in the maximal eigenspace
containing 6. We note the following: N
[1] The moment is a product of a real prefactor, the Sth power of the length of
the vector o, a time factor " and a complex prefactor. The former prefactor
is the same as in the one dimensional case whereas the later prefactor is
a complex number equal to the support of the random variable (o - Lt)ﬁ . In
particular for symmetric distributions the later factor is real and the support
of random variable is given by 1+ (—1)7 = cos(Z3)e'2".
[1] The integrand in (28) is related to the complement of the J-space, meaning
a linear span of eigenvectors whose real parts of eigenvalues equal ©;.
[2] The result (28) is in accordance with an existence result (Theorem 8.3.10
in [7]). However we have for the first time computed the moment in closed
form which will be useful for statistical inference for example or for other
theoretical work.
[3] If the multiplicity of @ is equal to D then card(J) = D and the complement
of J is empty and the last term in (28) reduces to

2
(¢%01) .= (2m) 71 / e (e %5) (29)
0
because the Heaviside function in the integrand is identically equal unity. This
is like in the scaling & rotation case.
[4] If ¢(e~*15) < 1 then the left hand side of the equality in the subscript

of the Heaviside function is positive and the Heaviside function may not be
identically equal unity.

3 The Option Price

An option on a financial asset is an agreement settled at time ¢ to purchase
(call) or to sell (put) the asset at some maturity time 7" in the future. Here we
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consider European style options that can be exercised only at maturity. This
means that boundary conditions are imposed on the option price at maturity
t = T'. Extending the analysis to American style options that may be exercised
at any time can be done by considering European style options with a different
number of exercise times [10] and allowing the number of exercise times to go
to infinity.

In order to minimize the risk we now divide the money available between
Ng stocks S; and N¢ options C'(Sg;t). The value of the portfolio is then:

V(t) = NsS; + NcC (S;) (30)

We may, without loss of generality, chose N¢o = 1.

The portfolio is a stochastic process that is required to grow exponentially
with time in terms of its expectation value. The rate of growth r is the so-
called ‘riskless’ rate of interest and is assumed to be independent of time t.

3.1 Local Temporal Growth
Consider the distribution of deviations
D = V(t 4 dt) — "V (2) (31)

between the interest (" — 1)V (t) = (rdt + O(dt?))V (t) that is earned by the
portfolio and the change V (¢t + dt) — V(t) of the price of the portfolio. Does
a self-financing strategy exists? Is it possible to choose C' = C(S;;t) subject
to a condition Cr = max(St — K, 0), for some strike price K, such that the
expectation value of the deviations of the portfolio conditioned on the price
of the stock at time t equals zero? Thus we require that the deviations have
no drift:

E[2{" 5] =0 (32)

In our model we assume that the above condition is satisfied only for an
infinitesimal time change dt and is conditioned on the value of the stock price
at time ¢ (local temporal growth sec. 3.1). Due to limited space we are not
able to include a model extension that assumes that the above condition is
satisfied for a finite dt We will present it in a future publication.

Our approach is more general than that used in financial mathematics [11]
where considerations are based on the lack of arbitrage, meaning the assump-
tion that riskless opportunities for making money in financial transactions
do not exist. We waive that unrealistic assumption and instead require the
portfolio to increase exponentially with time.

From equation (1) we have:

Stert — St = St (exp [Oédt + o - Ldt] — 1) (33)

where we have used the fact that a Lévy process is homogeneous in time,
meaning that
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d
Litar — Ly = La; (34)

where £ in (34) means an equality is in distribution. We note that (33) is
merely a transformation of equation (1) and not a solution to that equation.
As such equation (33) holds for infinitesimal times dt only.

From (33) we see that the expectation value of the right hand side condi-
tioned on S; and is infinite, unless the fluctuations are Gaussian.

Therefore we will modify the log-characteristic function ¢(A) in order to
ensure the finiteness of all moments. We define:

68 = oW exp (- 57 ) (35)

where € > 0 and replace ¢. by ¢. From now on we will work with a fictious
process related to the modified log-characteristic function, we will solve the
option pricing problem for it and at the end of the derivation we will take the
limit € — 0. After finishing the derivation we will check analytically if the re-
sult ensures a risk free portfolio. Firstly we check that conditional expectation
value of the stock price is finite. We have:

E [Stert - St| St] = St (exp (adt) FE |:€(O-.Ldt):| - 1)
=5, (exp (audt) e~ dt¢(=1o) _ 1) < oo (36)
where in the second equality in (36) we used the following identity:

(t7 Ldt) dze*d (z — &) Vo1, (§)dE

dzez% / dke™€=2) Ly (€)dE (37)

%\ %l\ %\

dké(k +1)Vs.1,, (k)

/ dkb(k + 1) 0.1, (k)e~e(—1o) (38)
—1+R

In the first equality in (37) we inserted a delta function into the definition of
the expectation value, in the second equality we used the integral represen-
tation of the delta function, in the first equality in (38) we integrated over
z and & and we used the integral representation of the delta function in the
second equality we shifted the integration line by using the Cauchy theorem
applied to a rectangle [-R, R] U R +1[0,1]U —1+ [R, R]U R — 1[0, 1] in the
limit R — oo and in the last equality we used (6) and (4). We make three
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remarks. Firstly the delta function has been analytically continued to complex
arguments, ie we have defined it as follows:

O(k +1q) = i (2;3%5@) (k) (39)

p=0

Secondly we note that the result (38) holds only for ¢ > 0 because otherwise,
all p > 2 terms in the sum (39) produce infinite values when integrated with
the second term in the integrand. Thirdly we reiterate that it is the fictious,
modified stock price, related to € > 0, that has a finite expectation value
whereas the real stock price has of course an infinite expectation value. The
option prices that we compute correspond to a fictious e-world where stock
prices’ probabilities have been modified like in (35) and the real option price
is obtained as a limit of the former as € tends to zero and the sequence of
the fictious worlds towards our real world. In other words the option pricing
problem has indeed no solution in our real world however it has a solution in
the “complement” of our world by the limit of the e-worlds.

We will therefore construct a zero-expectation value stochastic process (31)
as a linear combination (30) of two stochastic processes S; and C(S;;t) that
have both non-zero expectations values. For this purpose we will analyze
the probability distribution of the deviation variable @ﬁd“ and work out
conditions for the option price such that the conditional expectation value

E [@Edt) |S’t} is equal zero.

DM — (V(t+dt) = V(t) + V() (1 — ™) (40)
= Ng (St+dt — St) + (Ct+dt — Ot) + V(t) (1 — erdt) (41)
= Nsst (eadtJrU.Ldt — 1) + (C(St-i—dt; t + dt) — Ct) + V(t)(l—erdt) (42)

o oLt ocC - 1L omc m (o o-Lg; m
= NgS; (e dt+ Ld,71)+ﬁdt+”nz: mas_mst (e dt+o-Lg 71)

FV () (1 — ) (43)

In (43) we have expanded the price of the option in a Taylor series to
the first order in time and to all orders in the price of the option. In that
we have assumed that the price of the option is a perfectly smooth function
of the price of the stock. This may limit the class of solutions. In particular,
solutions may exist, where the price of the stock is a function satisfying the
Holder condition:

|C(Spaar;t + dt) — Ct| < AlSepar — Se|* (44)

for any Siyq: and S, a constant A and a Holder exponent A € [0,1) and thus
the price of the option can be expanded in a fractional Taylor series [14] in
powers of Siiq: — S¢. We will seek for these solutions in future work.



Option Pricing with Log-stable Lévy Processes 87

The process @Edt) is a sum of infinitely many terms that have non-zero ex-
pectation values. We could compute its expectation value directly using (36)
and re-sum the series. However, we will instead calculate the characteristic
function of the process ©§d“ conditioned on the value of the process S at
time ¢. This means that we propagate the process S; by an infinitesimal value
dt and we compute the characteristic function of the increment and we require
the zero value derivative of the characteristic function to be equal zero. This
technique is not new, see discussion about solving master equations of Markov
processes in [17], and it works because of the time-homogeneity of the pro-
cess (34) and because of the fact that the parameters o and « are constant as
a function of the process S;. The time-homogeneity follows from the infinite
divisibility of the process and thus the technique applied here also works in
the generic setting of Lévy processes. We will extend the model according to
these lines in future investigations.

We note that @ﬁd“ in (43) is a function of the scalar product o - Lg; only
and thus the distribution of @ﬁd“ is unique functional of the distribution of
the scalar product.

We derive the distribution of ©§d“ now. We define

Dy = (0,Cdt + V() (1 — e"™)) (45)
we condition on the value of the fluctuation o - Lg;, we use (43), and we get:

Xp@n)s, (k) = exp (tkDy)

m:

X <1 + (Zk),m > Un(g) exp (—dt (¢ (—go) — qa))> (46)
q=0

m=1

where ¢ is the negative logarithmic characteristic function of the random vec-
tor Ly (see (4)). The expectation value of the portfolio deviation conditioned
on the value of the price of the stock S; reads:

E [ngt) |St} _ dX@éd(tZ)]:; (k) (47)
= (8,50 —rV(t) — (Ns + %) St (G1, —a) — Z @n%> dt
+0 (dt?) (48)

where

Gnopi=) (q) (=) %¢(—go) and &, = Y —7 Gko (49)
q=0 k=max(n,2)
and the log-characteristic function ¢(—ugo) in (48) has been analytically con-

tinued to imaginary arguments. Here the coefficients a%k) read:
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n—1

alf) = (=1 (k—1)! > k=

1< <orm 1 <h—1 =179

k—n
= (-1)F > 11 4 (50)
qg=1

1Sjl<"'<jkfngk71

with a{®) = (=1)*=1(k — 1)I. In addition the coefficients &, satisfy:

Z = (51)

what follows readily from the fact that Z _1a alf) =0 for k > 2.

In the Gaussian case the coefficients read 6n7¢ = (—0)*(ndp,1 +n(n—1)
X0p,2) and thus (48) yields a second order PDE. Since the Levy distribution
has been truncated as in (35) and due to (5) the result in (49) is real. Indeed
the log-characteristic function can be expanded in a Taylor series in even
powers of the argument only and thus its value at the negative imaginary unit
is real. If we did not truncate we would have obtained a unrealistic complex
result as seen from (15). We reiterate that the limit of truncation threshold
going to zero (e — 0 in (35)) will be taken at the end of the calculation only
rather than at intermediary stages. If we did so at this stage we would have
obtained a paradoxical result; an infinite sum of numbers &,, each of which is
infinite equals zero.

The requirement E [@Edt) |St} = O(dt) implies a following generalized
Black & Scholes equation:

2,C — Z "¢ st)——ato Zez log

n=2

= V() + (Nﬁg—g)& Gr5-0a) (52)

In order that we get further insight into the problem, in particular in order
that we are able to solve equation (52) analytically we find a new expression
for the coefficients of the PDE stated in the following propositions.

Proposition 1. The coefficients &y, ¢ in (52) read:

o0

Suo = [ ddle) (~1+¢ )" (53)

0

form € N. Here qz(f) 1s the inverse Laplace transform of the log-characteristic
function of Ly or the Lévy measure of the process L,. We have:
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36) = o [ dze0(-n20) o) = [dee i (5)
1R

Ry

In the pure scaling case for D = 1 the inverse Laplace transform é reads:

€)= oo [anes* P = ST (12 22 1)
211 2 cos(Dpm/2) "¢ ¢
R
obr 1

“T(~Dp)2 cos(3 D) EDHH1

(55)

where I;f; = Di,w and the later operators are Marchaud whole axis fractional
derivatives ¢p(—120) may be in general unbounded as a function of z and thus

the quantity ¢(&) is in general not a function but a functional.

Proposition 2. The coefficients &, in (52) read:
(=1) [ dgo(©) (e —14€) ifn=1
R+

= (1" J dede)5; >

From (56) and (55) we see that the coefficients are infinite if Dy < 2.

We proceed as follows to solve the PDE (52). In the definition (56) of the
coefficients &,, we truncate the upper limit of integration at some threshold
value then we solve the generalized Black & Scholes equation (52) analytically
by Fourier transforming with respect to log(S) and at the end we take the
limit of the truncation threshold to infinity. Note that this step is essential.
Indeed, as seen from (54) and from (35) it is not clear if the inverse Laplace
transform ¢ related to the truncated Levy distribution diminishes fast enough
away from the origin and thus if the integral in (56) exists. We accomplish
this task in section (3.2). Prior to doing that we describe how we will compute
the number stocks as follows.

We define a utility function U of the portfolio as a functional of the price
of the stock viz:

T T
U::O/V(g)dgz0/(N555+C(S;§))d§ (57)

and require (57) to be minimal. We do not investigate here the mathematical
subtleties concerned with the existence of the stochastic integral (57). The
necessary condition is that the variation éU with respect to the price of the
stock functional is zero. We have:

T
SU = / (Ns + %‘zf@) 5Sdg = 0 (58)
0
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what yields that

9C(5;¢)

08

as in the Gaussian case. We note that this choice of the number of stocks
ensures the self-financing property of the portfolio. Indeed in the Cox-Ross-
Rubinstein binary tree model in discrete time one considers a portfolio com-
posed of a stock and a bond and one derives the number of stocks by requir-
ing contingent claim replication, meaning an equality of the portfolio and the
claim with probability one (see [28] for example). The later result is essentially
the same as that in (59).

Ng = (59)

Comments. We have derived a PDE for the option price that ensures that

the derivative of the expectation value of the portfolio with compounded in-

terest is zero

E[V(t+dt) — eV (t)|S;]
dt

without making any assumptions about the relationship between the drift of
the stock price o and the riskless rate of interest r. We differ in that from
standard models in financial mathematics [20,21], models that assume at the
outset that oo = r.

=0 (60)

limg; .0

3.2 Final Result

We solve the generalized Black & Scholes equation analytically. Inserting (59)
into the second equality in (52) we get:

. o"C

aC
§ [ R— 1
atC rC r 9z + ~ n D™ (6 )

where © = log(S;). The coefficients &, are defined in (56) with the upper limit
of integration being truncated at some threshold value. Since the coefficients
do not depend on 2 the PDE (61) is converted into a Ordinary Differential
Equation (ODE) by taking a Fourier transform of the option price with respect
to x. This gives:

0.C(k;t) = (r + H(k)) C(k;t) (62)
where
Clast) = (2m)~ / daC(k; t)e— ke (63)
R
and .
H(k) == |rik+ ) en(—zk)"] = rik + V(k) (64)

We insert (56) into (64) and obtain the following expression for the function
V(k) that we call ‘the Hamiltonian® after Hagen Kleinert [16]. We have:
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V(b = [ ded(e) [(-1+e) (k) + e 1]

Ry

= (—1)? / as1®, (6] (&) [(tke¢) — k2] (65)

Ry

We see that the integrals in (65) exist. Therefore the limit of the truncation
threshold in these integrals going to infinity can be performed at this stage.
This is what we do now and assume hereafter the whole positive real axis in
the integration in (65). From (54) we obtain the Hamiltonian

V(k) = (k) ¢(—10) + ¢(—ko) (66)

Now we come back to equation (62) which we solve subject to an initial
condition at maturity as follows:

C(k;t) = C(k;T)exp{— (r+ H(k)) T} (67)

where C(k; T) is the Fourier transform of the option payoff C'(z; T') at maturity
T and 7 :=T —t is the time to maturity. This payoff reads:

max(e” — K, 0) for a call

max(K — e”,0) for a put (68)

ca) = {

where K is the strike price. The Fourier transform of the payoff is easily
computed and it reads:

Kkt (7“611 4 i + 276 (k — z)) for a call

Ck;T) = / EC(&T)e™ =
J Kk (+ 1 i —2md(k — z)) for a put

1k-+1
(69)
We insert (69) into (67) and invert the Fourier transform for a call. We have:
1 .
C(x;t) == — / dkC(k;t)e~ ke (70)
2T
R
—log(m)+rr
=50 [ dee van (64 d-a0)r) — KT
— log(m)+rTt
<[ dtver e+ o)) ()
= StNl (dl) - KG_TTNQ(dl) (72)

We recall that here v,.1., (§) is the probability density function of the fluctu-
ation term o - L.
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In (72) we have changed the integration variables and simplified the result.
Here we defined:

d

M@= [ dee S (©),

— 00

d

/ dévy.1, (§) and

— 00

dy = —log(m) + 7 (r + ¢(—10)) (73)

NQ(d) :

In the limit Dy — 2_ the density vy, (€) in (71) goes into a Gaussian with
mean zero and variance 207 and (72) goes into the Gaussian Black & Scholes
equation, see e.g. egs. (1.6),(1.7) on page 8 in [11]. We end this section by
stating the price of the portfolio. We have:

V(t) = NSSt + O(CC,t) = 7K67’M—N2(d1> (74)

Since the last factor on the right-hand side in (74) depends implicitly on S;
the unconditional expectation value of the portfolio does not increase expo-
nentially as required. Therefore the solution (72) is only an approximation.
However since the Gaussian Black & Scholes equation is a particular case
of (72) it turns out that it is also only an approximation.

The factors in (73) are complex which is of course unrealistic. The reason
for that is the following. In our approach we assumed that the time change
dt is infinitesimally small rather asumming it to be finite at the outset and
taking the limit d¢ — 0 at the end of the calculation. We have checked that
the later procedure leads to a real result which has the same form as in (72)
except that the Lévy density ve.1., () goes into an inverse Fourier transform
of exp (1/20#I"(1k + p)/I'(1k)) evaluated at & — r7¢(—w0) which essentially
amounts to replacing the expression —k* + 1k by I'(1k + p)/I'(2k) in some
intermediate calculations. The inverse Fourier transform in question is essen-
tially equal to the log(S;) — at process probability density function evaluated
at the argument £ — r7¢(—i0). Therefore the price of the option is a dis-
counted present value of the maturity payoff under a risk-neutral probability
measure where the measure in question is related to the compensated log-price
process log(S;) — at. Thus we have proven that the risk-neutral option pricing
method holds in the generic setting of operator stable processes.

Expressions (73) are difficult to deal with in numerical calculations. In-
deed the “typical width” of the Fourier transform of the Lévy density is o#7.
Since this quantity is small, meaning of the order of 102 for stock daily data
and for times to maturity of the order of hundreds of days, the use of “prim-
itive” methods like Romberg quadratures for evaluating the Fourier integrals
requires a very high precision of calculation that is much bigger than the
precision of the estimated parameters. Therefore we propose to use a more
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sophisticated method for the numerical integrations. This method is described
in the Appendix.

4 Conclusions

We have applied the technique of characteristic functions to the problem
of pricing an option on a stock that is driven by operator stable fluctua-
tions. We have developed a technique to ensure that the expectation value
of the portfolio grows exponentially with time. In doing this we have not,
unlike other authors, made any assumptions about the analytic properties
of the log-characteristic function of the stock price process. Instead we have
expressed all results in terms of the characteristic function of the operator
stable fluctuation Lj.

Subsequent to successful numerical tests, we ought then to be able to price
analytically not only European options but also exotic options with a finite
number of different exercise times. This should also allow us to price American
style options by allowing the number of exercise times to become infinite.

We may also compute the 99th percentile of the probability distribution
of the deviation of the portfolio (Value at Risk) as a function of o and of the
log-characteristic function ¢ of the random vector L;. The Value at Risk will
be expressed as an integral equation involving the conditional characteristic
function of the portfolio deviation (46). The resulting integrals will be carried
out by means of the Cauchy complex integration theorem.

The results of these calculations will be reported in a future publication.
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Thurner, Christoli Bieli and Krzysztof Urbanowicz for useful discussions.

5 Appendix

We explain how the integrals from the Levy density in (72) are computed
numerically in the case D = 1. Note that in this case equation (72) can be
written as follows:

C(x;t) = Sth(rlL)T (d; z) — KefTTNC(TOL)T (d; 2) (75)

where z := z, +12; = ¢(—10)7 is a complex number, d := —log(m) + r7 is
a real number and
d
NC(TSL)T (d;2) := / d{e_SSVgLT €+ 2) (76)

— 00
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for s = 0, 1. We note that the factors (76) have a following integral representa-
tion that lends itself to numerical computations in a straightforward manner.

We have:

d
: 1
NyP(di2) = / dge™ - o~ / dhe—tH(E+2) _o—To(oh)
R

d
1
Afw % dke—zkz . / dé-e—(s—i-zk:)&e—ﬂb(ak) (77)
R —A

—10d 10 A
— i dke= "= . —e e, e~ T(ok)
A—oo 2T 10

1 ks _e—zOd + ez@A (k)

R+es

_ i dee—z(e—i-zs)z. (

A—_>oo 21

_e—ZGd + ez@A

emTHe01) (79
) (79)

o0
Sz

1
_ e le—7¢(zso)+_/d9692i
2 s
0

[ D gy D s |

In the first equality in (77) we expressed the Lévy stable density through its
Fourier transform and in the second equality in (77) we changed to order of
integration. In the first equality in (78) we integrated over ¢ and we defined
0 = k—1s and in the second equality in (78) we shifted the integration line by
15 in the complex plane. In doing this we used the Cauchy theorem applied to
a rectangular contour composed of an interval [— R, R], of that interval shifted
by 2s and of sections perpendicular to the real axis that complete the contour.
In the limit R — oo the integrals over the later sections vanish. In (79) we
factorize-d the integral and in (80) we performed the limit A — co by using

the identity:
ezﬁA
limAﬁoo—e =76(f) for HeR (81)
1

where

My (0) = Z e~ To(o(P0+13)) a4 Ms(0) = Z pe—ﬂb(v(p@-i-w)) (82)

p==+1 p==+1

In the pure scaling case in one dimension, from (16), we have ¢(k) = ¢4 k*
and thus:
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M1 (0) := Z e~ #xT(oD)" cos(udn) (cos(,) —usin(ay))  and
p==£1

My(0) := Y pe @70 osbon) (cos(ay,) — 1 sin(ay)) (83)
p==%1

where
0
l:= 02+ s2,cos(¢p,) = pT,sin(qu) = ?, and oy, = ¢L7(ol) sin(uep,)
(84)
Since, as seen from (82), M;(0) = 2e~7¢(7%) and My(0) = 0 the integral

in (80) is clearly finite the result can be used for numerical calculations. In
the Gaussian case u = 2 we have o, = 2¢+702%sph and thus

My (0) := 2Cos(2¢isa297)e_¢i”2(92_52) and
Ms(0) := —2zsin(2¢isa297)e_¢i”2(92_52) (85)

and z = 7¢(—10) = 2, +12; = —TPr0?. Inserting (85) into (80) gives:

1 1 _ 2 sin(fe)
NS (g ) = = 4+ = | dgge—T¢=(e0)?  SHTE)
o1, (2) =5+ 5 | die 0
R
11 1]
=5+ dfe=T+(70)° . 3 / dne=""" (86)
R —e
1 1 € €
=5+t5 [ dwor, (n) [ dnwer.(n)

e

A /2¢i027'
1 1

where e = —log(m) + 7 (r + ¢+0%(2s — 1)). From (87) we see that the factors
coincide with those in the Gaussian Black & Scholes formula.
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1 Introduction

There has been an explosion in the number of models proposed for understand-
ing and interpreting the dynamics of financial markets. Broadly speaking, all
such models can be classified into two categories: (a) models which charac-
terize the macroscopic dynamics of financial prices using time-series methods,
and (b) models which mimic the microscopic behavior of the trader popula-
tion in order to capture the general macroscopic behavior of prices. Recently,
many econophysicists have trended towards the latter by using multi-agent
models of trader populations. One particularly popular example is the so-
called Minority Game [1], a conceptually simple multi-player game which can
show non-trivial behavior reminiscent of real markets. Subsequent work has
shown that — at least in principle — it is possible to train such multi-agent
games on real market data in order to make useful predictions [2-5]. However,
anyone attempting to model a financial market using such multi-agent trader
games, with the objective of then using the model to make predictions of real
financial time-series, faces two problems: (a) How to choose an appropriate
multi-agent model? (b) How to infer the level of heterogeneity within the
associated multi-agent population?

This paper addresses the question of how to infer the multi-trader het-
erogeneity in a market (i.e. question (b)) assuming that the Minority Game,
or one of its many generalizations [2, 3], forms the underlying multi-trader
model. We consider the specific case where each agent possesses a pair of
strategies and chooses the best-performing one at each timestep. Our focus is
on the uncertainty for our parameter estimates. Using real financial data for
quantifying this uncertainty, represents a crucial step in developing associated
risk measures, and for being able to identify pockets of predictability in the
price-series.



100 N. Gupta, R. Hauser, N.F. Johnson

As such, this paper represents an extension of our preliminary study in [6].
In particular, the present analysis represents an important advance in that it
generalizes the use of probabilities for describing the agents’ heterogeneity.
Rather than using a probability, we now use a finite measure, which is not
necessarily normalized to unit total weight. This generalization yields a num-
ber of benefits such as a stronger preservation of positive definiteness in the
covariance matrix for the estimates. In addition, the use of such a measure
removes the necessity to scale the time-series, thereby reducing possible fur-
ther errors. We also look into the problem of estimating the finite measure
over a space of agents which is so large that the estimation technique becomes
computationally infeasible. We propose a mechanism for making this problem
more tractable, by employing many runs with small subsets chosen from the
full space of agents. The final tool we present here is a method for removing
bias from the estimates. As a result of choosing subsets of the full agent space,
an individual run can exhibit a bias in its predictions. In order to estimate
and remove this bias, we propose a technique that has been widely used with
Kalman Filtering in other application domains.

2 The Multi-Agent Market Model

Many multi-agent models — such as the Minority Game [1] and its generaliza-
tions [2,3] — are based on binary decisions. Agents compete with each other for
a limited resource (e.g. a good price) by taking a binary action at each time-
step, in response to global price information which is publicly available. At
the end of each time-step, one of the actions is denoted as the winning action.
This winning action then becomes part of the information set for the future.
As an illustration of the tracking scheme, we will use the Minority Game —
however we encourage the reader to choose their own preferred multi-agent
game. The game need not be a binary-decision game, but for the purposes of
demonstration we will assume that it is.

2.1 Parameterizing the Game

We provide one possible way of parameterizing the game in order to fit the
proposed methodology. We select a time horizon window of length T' over
which we score strategies for each agent. This is a sliding window given by
(Wg—7,...,wE—1) at time step k. Here wy = -sgn(zx) represents what would
have been the winning decision at time k, and zj is the difference in the
corresponding price-series, or exchange-rate, 7.

R =T —Tk—-1 (1)

Each agent has a set of strategies which it scores on this sliding time-horizon
window at each time-step. The agent chooses its highest scoring strategy as its
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winning strategy, and then plays it. Assume we have N such agents. At each
time-step they each play their winning strategy, resulting in a global outcome
for the game at that time-step. Their aggregate actions result in an outcome
which we expect to be indicative of the next price-movement in the real price-
series. If one knew the population of strategies in use, then one could predict
the future price-series with certainty — apart from a few occasions where ties
in strategies might be broken randomly.

The next step is to estimate the heterogeneity of the agent population
itself. We choose to use a recursive optimization scheme similar to a Kalman
Filter — however we will also force inequality constraints on the estimates so
that we cannot have a negative number of agents of a given type playing the
game. Suppose xj is the vector at time-step k representing the heterogeneity
among the N types of agents in terms of their strategies. We can write this as

T,k

= 2)
TN,k
where we force each element of the vector to be > 0.

CCiyk Z O,VZ (3)

We provided a very similar scheme recently in [6], in which we had further
constrained our estimate to a probability space and as a result also had to
re-scale the time-series to better span the interval [—1,1]. We now relax the
constraint condition (and the re-scaling) since the benefits of lying within the
probability space are outweighed by the benefits of allowing the estimate to
move out of this space. One significant benefit of staying within the proba-
bility space is the ability to bound covariance matrices on errors (since upper
bounds on the probability of certain events are known). On the other hand,
staying constrained to a probability space removes one degree of freedom from
our system (i.e. zy =1—a1p — -+ —Zp_1%). This can cause the covariance
of our estimate to become ill-formed by a possible numerical loss of posi-
tive definiteness (which we could prevent by artificially inflating the diagonal
elements of the covariance matrix).

3 Recursive Optimization Scheme

In the following subsections we introduce the Kalman Filter, after which we
will discuss some desirable extensions for our work.

3.1 Kalman Filter

A Kalman Filter is a recursive least-squares implementation, which makes
only one pass through the data such that it can wait for each measurement
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to come in real time, and then make an estimate for that time given all the
information from the past. The Kalman Filter holds a minimal amount of
information in its memory at each time, yielding a relatively cheap compu-
tational cost for solving the optimization problem. In addition, the Kalman
Filter can make a forecast n steps ahead and provides a covariance structure
concerning this forecast. The Kalman Filter is a predictor-corrector system,
that is to say, it makes a prediction and upon observation of real data, it
perturbs the prediction slightly as a correction, and so forth.

The Kalman Filter attempts to find the best estimate at every iteration,
for a system governed by the following model:

T = Frp—1Tk—1 + Up k1, g k-1~ N(0,Qrx—1) (4)

2 = Hiap + v, Vg ™~ N(O, Rk) (5)

Here xj, represents the true state of the underlying system, which in our case
is the finite measure over the agents. Fj 1 is a matrix used to make the
transition from state x,_1 to ;. In our applications, we choose Fj, ;1 to be
the identity matrix for all k£ since we assume that locally the finite measure
over the strategies doesn’t change drastically. It would be a tough modeling
problem to choose another matrix (i.e., not the identity matrix) — however, if
desired we could incorporate a more complex transition matrix into the model,
even one that is dependent on previous outcomes. The variable zj represents
the measurement (also called observation). Hj is a matrix that relates the
state space and measurement space by transforming a vector in the state
space to the appropriate vector in the measurement space. For our artificial
market model, Hy will be a row vector containing the decisions based on each
of the agent’s winning strategies. So xj, the measure over the agents, acts as
a weighting on the decisions for each agent, and the inner product Hyzy can
be thought of as a weighted average of the agents’ decisions — this represents
the aggregate decision made by the system of agents. The variables uy 11
and vy are both noise terms which are normally distributed with mean 0 and
variances Qx r—1 and Ry, respectively.

The Kalman Filter will at every iteration make a prediction for xj, which
we denote by Zyx—1. We use the notation klk — 1 since we will only use
measurements provided until time-step k& — 1 in order to make the prediction
at time k. We can define the state prediction error Zj;_; as the difference
between the true state and the state prediction.

Tpjp—1 = Th — Tpjp—1 (6)

In addition, the Kalman Filter will provide a state estimate for xj, given all
the measurements provided up to and including time step k. We denote these
estimates by Zy;. We can similarly define the state estimate error by

Ty = Tk — Tik (7)
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Since we assume uy —1 is normally distributed with mean 0, we make the
state prediction simply by using Fj 1 to make the transition. This is given
by

-1 = Frp—12p—1)k—1 (8)

We can also calculate the associated covariance for the state prediction, which
we call the covariance prediction. This is actually just the expectation of the
outer product of the state prediction error with itself. This is given by

Prji—1 = Feo1Po—1jp—1 Fp 1 + Qrp—1 9)

Notice that we use the prime notation on a matrix throughout this paper to
denote the transpose. Now we can make a prediction on what we expect to
see for our measurement, which we call the measurement prediction, by

Zrik—1 = HeZpp—1 (10)

The difference between our true measurement and our measurement prediction
is called the measurement residual, which we calculate by

Uk = 2k — Zijk—1 (11)

We can also calculate the associated covariance for the measurement residual,
which we call the measurement residual covariance, by

Sk = HypPyjp—1 Hj, + Ry (12)

We now calculate the Kalman Gain, which lies at the heart of the Kalman
Filter. This essentially tells us how much we prefer our new observed mea-
surement over our state prediction. We calculate this by

Ky = Py H.S; ! (13)

Using the Kalman Gain and measurement residual, we update the state esti-
mate. If we look carefully at the following equation, we are essentially taking
a weighted sum of our state prediction with the Kalman Gain multiplied by
the measurement residual. So the Kalman Gain is telling us how much to
‘weight in’ information contained in the new measurement. We calculate the
updated state estimate by

Tppp = Tjp—1 + Kl (14)

Finally, we calculate the updated covariance estimate. This is just the
expectation of the outer product of the state error estimate with itself. Here
we will give the most numerically stable form of this equation, as this form
prevents loss of symmetry and best preserves positive definiteness

Py = (I — KyHy) Py (I — KpHy) + KpRiK;! (15)
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The covariance matrices throughout the Kalman Filter give us a way to mea-
sure the uncertainty of our state prediction, state estimate, and the measure-
ment residual. Also notice that the Kalman Filter is recursive, and we require
an initial estimate g and associated covariance matrix Io. Here we simply
provide the equations of the Kalman Filter without derivation. For a detailed
description of the Kalman Filter, see Ref. [7].

3.2 Nonlinear Equality Constraints

As we are estimating a vector in which each element has a non-negative value,
we would like to force the Kalman Filter to have some inequality constraints.
We now introduce a generalization for nonlinear equality constraints followed
by an extension to inequality constraints. In particular, let’s add to our model
(Egs. (4) and (5)) the following smooth nonlinear equality constraints

ek(xk) =0 (16)

The constraints provided in Eq. (3) are actually linear. We present the non-
linear case for further completeness here. We now rephrase the problem we
would like to solve, using the superscript ¢ to denote constrained. We are
given the last prediction and its covariance, the current measurement and its
covariance, and a set of equality constraints and would like to make the cur-
rent prediction and find its covariance matrix. Let’s write the problem we are
solving as

2 = hi(zg) + vy, v, ~ N(0, Rf) (17)

Here zi, hj,, and vj are all vectors, each having three distinct parts. The
first part will represent the prediction for the current time step, the second
part is the measurement, and the third part is the equality constraint. zj
effectively still represents the measurement, with the prediction treated as a
“pseudo-measurement” with its associated covariance.

Frk—1Zr_1)r-1
zp = 2k (18)
0

The matrix hf, takes our state into the measurement space as before

T
hi.(xk) = | Hizp (19)
ek(zk)

Notice that by combining Egs. (6) and (7), we can rewrite the state error
prediction as

Tpjh—1 = Frk—1Tp—1jp—1 + Uk k-1 (20)
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We can define v{ again as the noise term using Eq. (20).

—F k1T 1k—1 — Uk k-1
v;cc = Vk (21)
0

vg will be normally distributed with mean 0 and variance Rj. The diagonal
elements of Rj represent the variance of each element of vi. We define the
covariance of the state estimate error at time-step k as Py;. Notice also that
Ry, contains no off-diagonal elements.

Frk—1Pi -1 Fep—1"+ Qrir—1 0 0
R} = 0 Ry 0 (22)
0 00

This method of expressing our problem can be thought of as a fusion of (a)
the state prediction, and (b) the new measurement at each iteration, under
the given equality constraints. As we did for the Kalman Filter, we will state
the equations here. The interested reader is referred to Refs. [8,9].

C C + C C (4C C 5C
Iy Hk,j] {Zk - hk(xk\k,jq) + Hk,jzuk,jq (23)
0

ikl’w’ = [OI] [ngj/ 0

Throughout this paper, we use the T notation on a matrix to denote the
pseudo-inverse. In this method we are iterating over a dummy variable j
within each time-step, until we fall within a predetermined convergence bound
Thik,j — Tklk,j—1| < ¢k or hit a chosen number of maximum iterations. We
initialize our first iteration as Zj,0 = Tx—1jk—1 and use the final itera-
tion as Iy = Tpk,; where J represents the final iteration. Notice that
we allowed the equality constraints to be nonlinear. As a result, we define
Hi ;= gTh,C’:(:Ek‘k, j—1) which gives us a local approximation to the direction of
C
2
A stronger form of these equations can be found in Refs. [8,9], where Rf,
will reflect the tightening of the covariance for the state prediction based on
the new estimate at each iteration of j. We do not use this form and tighten
the covariance matrix within these iterations since in the next section we will
require the flexibility of changing the number of equality constraints between
iterations of j. By not tightening the covariance matrix in this way, we are
left with a larger covariance matrix for the estimate (which shouldn’t harm
us significantly). This covariance matrix is calculated as

+
R Hf . 0
Py == D011 it 0[] 1)

Notice that for faster computation times, we need only calculate Py ; for the
final iteration of j. Further, if our equality constraints are in fact independent
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of j, we only need to calculate Hy ; once for each k. This also implies that
the pseudo-inverse in Eq. (23) can be calculated only once for each k.

This method, while very different from the Kalman Filter presented earlier,
provides us with an estimate ), and a covariance matrix for the estimate
Py at each time-step, in a similar way to the Kalman Filter. However, this
method allows us to incorporate equality constraints.

3.3 Nonlinear Inequality Constraints

We will now extend the equality constrained problem to an inequality con-
strained problem. To our system given by equations (4), (5), and (16), we will
add the smooth inequality constraints given by

li(wg) > 0. (25)

Our method will be to keep a subset of the inequality constraints active at
any time. An active constraint is simply a constraint that we treat as an
equality constraint. We will ignore any inactive constraint when solving our
optimization problem. After solving the problem, we then check if our solution
lies in the space given by the inequality constraints. If it doesn’t, we start from
the solution in our previous iteration and move in the direction of the new
solution until we hit a set of constraints. For the next iteration, this set of
constraints will be the new active constraints.

We formulate the problem in the same way as before, keeping Eqgs. (17),
(18), (21), and (22) the same to set up the problem. However, we replace
Eq. (19) by

Tk
Hyxy,
ek(:vk)
ZZ,j(wk)

l;; ; represents the set of active inequality constraints. Although we keep
Egs. (18), (21), and (22) the same, these will need to be padded by addi-
tional zeros appropriately to match the size of [} ;- Now we solve the equality
constrained problem consisting of the equality constraints and the active in-
equality constraints (which we treat as equality constraints) using Egs. (23)
and (24). Let’s now call the solution from Eq. (23) 27, ; since we have not
yet checked if this solution lies in the inequality constrained space. In order
to check this, we find the vector that we moved along to reach i:;;l K This is
simply

hig(w) = (26)

d= 2y — Thlkj—1 (27)

We now iterate through each of our inequality constraints, to check if they
are satisfied. If they are all satisfied, we choose tax = 1. If they are not, we
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choose the largest value of ,,,x such that ik‘k, j—1 Ftmaxd lies in the inequality
constrained space. We choose our estimate to be

Tk = Thlk,j—1 T tmaxd (28)

We also would like to remember the inequality constraints which are being
touched in this new solution. These constraints will now become active for the

.
>

Distribution [ 1
over agents HikHokHakHakHsk
;? A A
—>
— r =

X1, klk-1 Choose buy (+1)

X2 klk-1 . or sell (-1) based

X3 Klk-1 on best strategy

X4 kik-1 | | =

X5 k-1 | | \
K > Y YYy
: Predicted
. Measurement
: Zkik-1= Hic Xkik-1 |y
i Predicted Measurement |
' Residual Covariance
! Sk = Hi Puik-1 HT + Ry
: Wk-T ... Wk-1
' L $ I} ‘F‘
! W z Inequality
: k= '?Qn( k) Constrained
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1
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Measurement z, ! (J— rl A

Fig. 1. Summary of the recursive method for predicting the heterogeneity of the
multi-agent population. We have dropped the " notation. Shown is a situation with
5 types of agents, where each type has more than one strategy. They each score their
strategies over the sliding time-horizon window (wgx—7 - - - wk—;) and choose the best
one. Hj, represents the decisions they each make in this time-step, which in the case
of a binary-decision game is +1 or —1. Taking the dot product of the frequencies
over the agents and their decisions, we arrive at our prediction for the measurement.
We then allow the recursion into the optimization technique. Since we chose Fj ;—1
as the identity matrix for all k, we omitted it entirely from this diagram. We also
assume initial conditions are provided. In the next subsection, we describe how we
arrive at the noise parameters Q,x—1 and Ry, which appear in the diagram.
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next iteration and lie in ZZJ—H- Note that I} o = I _; ;, where J represents the
final iteration of a given time-step. We do not perturb the error covariance
matrix from Eq. (24) in any way. Under the assumption that our model is
a well-matched model for the data, enforcing inequality constraints (as dic-
tated by the model) should only make our estimate better. Having a slightly
larger covariance matrix is better than having an overly optimistic one based
on a bad choice for the perturbation [10]. In the future, we will investigate
how to perturb this covariance matrix correctly.

In our application, our constraints are only to keep each element of our
measure positive. Hence we have no equality constraints — only inequality con-
straints. However, we needed to provide the framework to work with equality
constraints before we could make the extension to inequality constraints.

Figure 1 provides a schematic diagram showing how this optimization
scheme fits into the multi-agent game for making predictions.

3.4 Noise Estimation

In many applications of Kalman Filtering, the process noise Q) 1—1 and mea-
surement noise Ry are known. However, in our application we are not provided
with this information a priori so we would like to estimate it. This can often be
difficult to approximate, especially when there is a known model mismatch.
We will present one possible method here which matches the process noise
and measurement noise to the past measurement residual process [11]. We
estimate Ry by taking a window of size W (which is picked in advance for
statistical smoothing) and time-averaging the measurement noise covariance
based on the measurement residual process and the past states. If we refer
back to Eq. (12), we can simply calculate this by

k—1
. 1
Ry=w— > vy —HjPy; 1Hj (29)
We =1, =,
J= k

We can now use our choice of Rj along with our measurement residual co-
variance S, to estimate Q x—1. Combining Eqgs. (9) and (12) we have

Sk = Hi(Frp—1Pi1jk—1Feo—1" + Qrp—1)Hi' + Ry, (30)
Bringing all Qx x—1 terms to one side leaves us with
HyQrp—1Hy' = Sk — HyF Py -1 Fr Hy' — Ry (31)
Solving for @y x—1 gives us

~ + +
Q-1 = (Hy'Hy) " Hy' (Sk — HyFpPy_1jx—1 Fi'Hy' — Ry.) Hy, (Hy,'Hy,)
(32)
Note that it may be desirable to keep (), r—1 diagonal if we do not believe
the process noise has any cross-correlation. It is rare that one would expect
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a cross-correlation in the process noise. In addition, keeping the process noise
diagonal has the effect of making our covariance matrix ‘more positive def-
inite’. This can be done simply by setting the off-diagonal terms of Qk,kq
equal to 0. It is also important to keep in mind that we are estimating covari-
ance matrices here which must be symmetric and positive semidefinite, and
the diagonal elements should always be greater than or equal to zero since
these are variances.

4 Estimation in the Presence of an Ecology
of Many Agent Types

It is very likely that we will come across multi-agent markets, and hence mod-
els, with many different agent types, e.g., N > 100. As N grows, not only does
our state space grow linearly, but our covariance space will grow quadratically.
We quickly reach areas where we may no longer be in a computationally feasi-
ble region. For example, if we look at strategies for agents playing the Minority
Game and define a type of agent to have exactly 2 strategies, we see that as
we increase the memory sizes of our agents our full set of pairs of strategies
grows very quickly in relation to the memory size (e.g., m = 1 yields 22 =4
strategies and (;1) = 6 pairs of strategies, m = 2 yields 22" = 16 strategies
and (126) = 120 pairs of strategies, m = 3 yields 22° — 956 strategies and
(226) = 32640 pairs of strategies, m = 4 yields 22" = 65536 strategies and
(65336) = 2147450880 pairs of strategies, ...). If we were interested in simul-
taneously allowing all possible pairs of strategies, our vectors and matrices for
these computations would have a dimension that would not be of reasonable
complexity, especially in situations where real-time computations are needed.
In such situations, we propose selecting a subset of the full set of strategies
uniformly at random, and choosing these as the only set that could be in
play for the time-series. We can then do this a number of times and average
over the predictions and their covariances. We would hope that this would
cause a smoothing of the predictions and remove outlier points. In addition
we might notice certain periods that are generally more predictable by doing
this, which we call pockets of predictability.

4.1 Averaging over Multiple Runs

For each run j of our M runs, we have our predicted measurement at time
k given by 2 ; and our predicted covariance for the measurement residual as
Sk,;j. Using the predicted measurements, we can simply average to find our
best estimate of the prediction.

- Zk,j
k= Z ﬁ] (33)
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Similarly, we can calculate our best estimate of the predicted covariance for
the measurement residual:

gr _ L Siy
=257 (34)
j=1

It is important to note here that since Z;; and S, are both estimators, as M
tends to co, we expect the standard error of the mean for both to tend towards
0. Also, note that we chose equal weights when calculating the averages; we
could have alternatively chosen to use non-equal weights had we developed
a system for deciding on the weights.

4.2 Bias Estimation

Since we are choosing subsets of the full strategy space, we expect that in
some runs a number of the strategies might tend to behave in the same way.
This doesn’t mean that the run is useless and provides no information. In
fact, it could be the case that the run provides much information — it is just
that the predictions always tend to be biased in one direction or the other.
So what we might like to do is remove bias from the system. The simplest
way to do this is to augment the Kalman Filter’s state space with a vector
of elements representing possible bias [12]. We can model this bias as lying in
the state space, the measurement space, or some combination of elements of
either or both. We redefine the model for our problem as

af = Ff 1@}y + Uk -1, up k1~ N(0,Q% 1) (35)

2k = H,g:zrz + v, vk ~ N (0, Rg) (36)

where xz represents the augmented state and by is the bias vector at time
step k
Tk

), = [bk ] (37)

The transition matrix must also be augmented to match the augmented state.
In the top left corner, we place our original transition matrix, and in the top
right corner we place By, ;—1 representing how the estimated bias term should
be added into the dynamics. In the bottom left we have the zero matrix so
the bias term is not dependent on the state xy, and in the bottom right we
have the identity matrix indicating that the bias is updated by itself exactly
at each time.

Fy—1 Bk,k—l] (38)

Fls,k—l = [ 0 T

Similarly, we horizontally augment our measurement matrix, where C}, repre-
sents how the bias terms should be added into the measurement space.

HY = [Hy G| (39)
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For the process noise, we keep the off diagonal elements as 0, assuming no
cross-correlations between the state and the bias. We also generally assume
no noise in the bias term and keep its noise covariance as 0, as well. Of course,
this can be changed easily enough if the reader would like to model the bias

with some noise.
Qki—1 0
Qlli,kfl = |: 0 ! 0 (40)

We can take this bias model framework and place it into the inequality con-
strained filtering scheme provided earlier, with the model given by Eq. (17),
where we simply use the augmented states when necessary, rather than the
regular state space (e.g. let 2 = 2%).

5 Example for a Foreign-Exchange Rate Series

We now apply these ideas to a data set of hourly USD/YEN foreign exchange
rate data, from 1993 to 1994, using the Minority Game. We do not claim
that this is a good model for the time-series, but it does contain some of the
characteristics we might expect to see in this time-series. We look at all pairs
of strategies with memory size m = 4 of which there are 2,147,450,880 as our
set of possible types for agents. Since the size of this computation would not
be tractable, we take a random subset of 5 of these types and use these 5 as
the only possible types of agents to play the game. We perform 100 such runs,
each time choosing 5 types at random. In addition, we allow for a single bias
removal term. We could have many more terms for the bias, but we only use 1
in order to limit the growth of the state space. We assume the entire bias lies
in a shifting of the measurements, so we don’t use a By, 1 from Eq. (38) and
only choose Cj, in Eq. (39) to be the identity matrix — or in our case simply
1 since C} is 1x1.

For the analysis of how well our forecasts perform, we calculate the residual
log returns and plot these. Given our time-series, we can calculate the log
return of the exchange rate as l = log(rg) — log(rg—1). Note that based
on our definition for z; from Eq. (1), we can write the log return also as
Iy, = log(rk—1 + zx) — log(rk—1). Similarly, we can define our predicted forecast
for the log return as I, = log(rg—1+2k)—log(rk—1). Given these two quantities,
we can calculate the residual of the predicted log return and the observed log
return as [, = I — Zk. Using the delta method [13], we can also calculate the
variance of this residual to be (Til)z. We perform 100 such runs, which we
average over using the method described in Sect. 4.1. A good test for whether
our variances are overly optimistic is to check if the measure satisfies the
Chebyshev Inequality. For example, we can check visually that no more than
about % of the residuals lie within 30’s. We plot the residual log return along
with 30 bounds and the standard error of the mean in Fig. 2. Visually, we
would say the residuals in Fig. 2 would certainly satisfy this condition if they
were centered about 0. Maybe further bias removal would readily achieve this.
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Hourly USD/YEN FX-Rate from 1993 to 1994
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Fig. 2. We show the residuals of the log returns plotted with 3¢’s centered about 0
and the standard error of the mean over the 100 runs. Despite the one parameter
bias removal, we still see a general bias in the data without which the residuals
look much cleaner. Perhaps a more complex bias model would remove this. Contact
authors for color figures.

6 Conclusion

This paper has looked at how one can infer the multi-trader heterogeneity in
a financial market. The market itself could be an artificial one (i.e., simulated,
like the so-called Minority Game), or a real one — the technique is essentially
the same. The method we presented provides a significant extension of pre-
vious work [6]. When coupled with an underlying market model that better
suits the time-series under analysis, these techniques could provide useful in-
sight into the composition of multi-trader populations across a wide range of
markets. We have also provided a framework for dealing with markets con-
taining a very large number of active agents. Together, these ideas can yield
superior prediction estimates of a real financial time-series.
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1 Introduction

The financial markets started to be computerized due to development and
spread of the Information and Communication Technology (ICT) in early
1990s. As the result rapid development and spread of electrical trading sys-
tems occurred all over the world. Moreover advance of processing speed of
computers and capacity of storages leads to accumulation of activity records
of market participants, high frequency financial data. By utilizing the high
frequency financial data one can observe behavior of the market participants
with high resolutions and analyze a large amount of data enough to quantify
them in the statistically significant.

Econophysics [1-6] emerged during the same period as spreading of ICT.
It seems not to be a chance but to be a necessity that these occurrence were
coincident. Since ICT makes uncertainty of human activities due to lack of in-
formation decreasing, human activities which were not observed once become
detectable. Physics needs high-accuracy data in order to establish theoretical
concept. At the beginning of 1990s supply of data about human activities and
demand for theory of human met together. Presently we seem to stand at the
next stage of scientific understandings of human activities.

This article focuses on the tick frequencies, which represents quotation
activity of the market participants, and quantifies their similarities among
currency pairs which the traders exchange in the foreign exchange market.
This analysis provides insights about both perception and action of the market
participants in the foreign exchange market.

2 Foreign Exchange Market

The foreign exchange market is the largest financial market all over the world.
Its turnover in 2004 was estimated as 1.9 trillion USD. The foreign exchange
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market means the networks among financial institutions to exchange curren-
cies. The market participants mainly belong to international banks, regional
banks, and other financial institutions around the world. The currencies are
mainly traded in three areas; the Asia including Japan and Singapore, the
Europe including German and UK, and the America including US. The for-
eign exchange market is open for 24 hours on weekdays, and is close on Sat-
urdays and Sundays. The market participants in the foreign exchange mar-
ket trade almost through the electrical broking systems (the EBS and the
Reuters3000).

In this article the data provided by CQG Inc. is investigated [8]. The data
contains ask/bid rates and time stamps with 1 [min] resolution. The source
of this data is the EBS of which terminal computers are used by more than
2,000 traders in 800 dealing rooms.

The market participants in the foreign exchange market adopt the two-
way quotation, where both buyers and sellers quote both buying and selling
rates at the same time. Therefore one cannot estimate excess demand from
the quotation records. As shown in Table 1 the data records the almost same
numbers of ask quotes and bid quotes.

Table 1. Sample of the tick data of the USD/JPY. The dates, rates, and indicators
to show ask quotes (A) and bid quotes (B) are recorded.

date time rate A(Ask)/B(Bid)

20000904 1708 10589
20000904 1708 10594
20000904 1708 10588
20000904 1708 10593
20000904 1710 10583
20000904 1710 10588

bgive R i ve e S ve)

3 Tick Frequencies

Since all the action of the market participants in the foreign exchange market
are only quotation through terminal computers connected to server comput-
ers, it is thought that quotation behavior represents minds of the market
participants. The tick frequency of the ith currency pair is defined as

Ai(k) = ﬁN(kAt; (k+1)At), (k=0,1,...), (1)

where N(t1;t2) denotes the number of the ask quotation in [t1, ) and At
is a sampling interval and At = 1 [min| throughout this analysis. If A;(k) is
high /low then the ith currency pair is actively traded.
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4 Motivation

To avoid risks resulting from “explosive information” in recent years computer-
based trading algorithms called “algorithmic trading” have been studied.
Presently many automatic trading machines work in real financial markets.
Specifically in the foreign exchange market about 10% market participants
introduced the automatic trading interface in 2006 [9]. More becoming com-
mon more quickly trading can be conducted. Moreover the automatic trading
systems have an advantage to human traders from the viewpoint of accuracy,
speed, and cost-efficiency. If automatic trading systems spread in the finan-
cial market then human beings may not be able to understand what occurs
in financial markets in real-time. In order to understand the financial market
and make them stabilize we propose to construct systems to monitor whole
pictures of the financial markets. It is analogous to a control system used
when airplanes are operated.

In this article quantitative methods based on the tick data are introduced
and intuitive interpretation of results are shown. Specifically in order to in-
vestigate complex systems explosive information must be handled with infor-
mation condensation. One faces two kinds of difficulties in order to deal with
explosive information; (1) computational complexity, and (2) human recogni-
tion. To compute the behavioral frequency provides us reduction of massive
information. Furthermore behavioral frequencies are useful to understand the
states of the market participants in the financial markets from viewpoint of
behavioral sciences. The market prices are determined based on minds of the
market participants but minds are unobservable. Human behavior is observ-
able and may be related to the minds.

Therefore observation and quantification of behavioral frequencies are ex-
pected to provide information about minds of the market participants indi-
rectly. We will present appropriateness and availability of measuring behav-
ioral frequencies through model analysis and empirical analysis.

5 Quantification of Behavioral Similarities

In order to quantify states of the financial markets we focus on the similarity
between tick frequencies. If the two tick frequencies similarly vary then they
are expected to have similar generating mechanism (behavior of the market
participants). Therefore similarity structure of the tick frequency is one of
characteristics to understand the states of the financial markets.

Several methods for quantifying similarity (Pearson’s correlation is re-
garded as classical method, and phase only correlation, instantaneous phase,
and the Kullback-Leibler spectral distance) are introduced. In the following
subsections definitions of similarity measure are addressed.
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5.1 Pearson’s Product-Moment Correlation

Pearson’s product-moment correlation 7;; between two tick frequencies
{A; (k)35 and {A;(k)}n=,' of currency pairs i, and j is defined as
COV(Ai, AJ)

e \/var(A;)/var(4;)

where (A;) = 3 Y050 Ai(k), cov(A, Aj) = 5 Yplg (Ai(k) — (A3)) (A5 (k) —
(A;)), and var(4;) = & szol(Al(k) — (A:)?. |rij| < 1. 7r;; = 1 means that
two signals have complete co-occurring relation. r;; = 0 means that two signals
have decorrelation.

(2)

5.2 Phase only Correlation Coefficient

Phase only correlation is calculated as similarity between two phase spec-
tra. For data set {X(k)}p_,' discrete Fourier transform and discrete in-

verse Fourier transform are defined as F[X (k)](fx) = X (fr) = Zg;ol X (k)
x exp(—27mik %) and FUX(fi)l(k) = & S0 X (fi) exp(2nik L), where
fn = va (n =0,---,N/2) denotes nth frequency. The Nyquist critical
frequency is f. = 1/(2At) = 1/2 [1/min] throughout this analysis.

The discrete Fourier transform of the tick frequency {A( ot and
{A;(k)}- are represented as {A;(fn)}2 and {A;(f.)}=4, respectively.
Then the phase only correlation POC;; is deﬁned as
Ai(f )3( )](k) (k=0,---,N—1), (3)

145 (fn)]

0C;;(k) = 31 |2l Aitn)_
POCH(0) =8\ Tl

where X denotes the conjugate complex number of X. Afterward POC;; =
POC;;(k)|k=0 is called phase only correlation coefficient. POC;; = 1 means
that phase spectra of ith signal and jth signal are same. POCj;; = 0 means
that they are completely dissimilar.

5.3 Instantaneous Phase

Similarity between instantaneous phases, defined by analytic signal, which
was advocated by Gabor is considered. To utilize the similarity between in-
stantaneous phases is useful to characterize the similarity of two signal from
viewpoint of synchronization.

The analytic signal {X (k)} o' of original signal {X (k)}n_," is defined as

X(k) = X (k) +i[ — i x sgn(f) X (fa)](%), (4)
1 (f>0)
sgn(f) =4 -1 Ef <0 (5)

0 (otherwise)
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where X(f,) denotes the discrete Fourier transform of {X (k) A X (k)
(k=0,---,N — 1) can be separated into phase and amplitude, and written
as #(k) = By exp(¢(k)). The phase components ¢(k) (k=0,---,N—1) are
called instantaneous phase at k of the analytic signal {X (k)}g:*ol of original
signal {X (k)}o g

By using phase components the similarity between two tick frequencies is
quantified as

PSy; = {% Zsmwi(k)—@(k))} +{% 3 cos(qsi(k)—eﬁj(k))} ©

k=0 k=0

If PS;; = 1 then the two signals are completely synchronized. On the other
hand PS;; = 0 means they are desynchronized.

5.4 Kullback-Leibler Spectral Distance

The Kullback-Leibler spectral distance quantifies the similarity between power
spectra of two tick frequencies. If the power spectra are similar then their
generating processes seem to be similar. It is an application of the relative
entropy, which is widely used in information theory, information geometry,
phonetic analysis, and so on, to a normalized power spectrum. Using the
discrete Fourier transform f((fk)]k\]:/2 of {X (k)}1—," power spectrum S(f,) at
nth frequency f, is estimated as periodgram estimator. Using the normalized
power spectrum, defined as s(fx) = S(fx)/ 0’2 S(fi), the Kullback-Leibler

spectral distance K L;; for {sl(fk)}kN:/? and {s; (fk)}f::/f is defined as

N/2
I e oo | 5iUE)
o kz::l ¢ (fi) log [Sj (fk)} ’ ()

Note that in this definition a direct current component is ignored. K L;; does
not have symmetric property, and does not fill the axiom of the distance. Here
symmetrical Kullback-Leibler spectral distance (J-divergence) SK L;; which
is defined as

N-1

= Si — 8 o} 5i (k)
Ly = 3 o () = (s |35

is used. SKL;; has both symmetric and non-negative properties; SKL;; =
SKLj; and SKL;; > 0. SKL;; = 0 if and only if s;(f,) = s;(f») almost
everywhere. Afterward for correspondence with other methods the transfor-
mation K;; = exp[—SKL;;] to the SKL is adopted. If K;; = 1 then power
spectra are completely identical. On the other hand K;; = 0 represents that
they are completely different from each other.

(8)
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6 Agent-based Model

In this section an agent-based model composed of double-threshold agents
is introduced [10]. Pseudo tick frequencies are produced by computer simula-
tion, and relations between similarities between two tick frequencies and agent
parameters are investigated.

6.1 Agent Behavior

The i-th market participant (¢ = 1, --- , N) perceives information x;(t) at time
t (t=1,2,---). The information is assumed to be quantified as a scalar value.
The more it is positive/negative, the more he/she wants to buy/sell financial
commodities actively.

The i-th market participant interprets information z;(¢). The interpreta-
tion of the same information depends on the market participants, and can
change due to their experience. Therefore the interpretation =j(x;(t),t) is
a function of time ¢ and the information z;(¢) and the function form depends
on the market participants. One of the most simplest function form is a linear
function of z;(t) and a noise. Here the uncertainty of the interpretation is
assumed to be described as an additive Gaussian noise:

Si(wi(t),t) = mi(t) + &(t),  &(t) 1 N (0,07). )

The interpretation drives feeling about the information. It is assumed that
the feeling has one-to-one relation to the interpretation. Namely the feeling
can be identical to the interpretation.

The market participants judge whether they can accept their feeling or not.
Quantitatively the feeling about the feeling of the i-th market participant for
the j-th financial commodity @;;(t) may be described as a function of both
the feeling z;(¢) + & (¢) and a multiplicative factor a;;(t),

Bij (1) = aiy (1) (:(0) + &(1)) (10)

If a;;(t) is positive /negative then the feeling about the feeling supports/refutes
the feeling.

Action of the market participants are restricted as “buying”; “selling”, and
“waiting”. The i-th market participant determines his/her investment attitude
for the j-th currency pair at time ¢, y;;(¢), based on the feeling about the
feeling @;;(t).

According to the Granovetter model [11] if the inner state of agents ex-
cesses a threshold value the agents decide to take an action nonlinearly. Ap-
plying this mechanism to the market participants behavior the investment
attitude can be modeled. In order to divide three action the two thresholds
are needed at least. It is natural that action (buying/selling) can appear if
@, (t) is a large positive/negative value. Namely it is assumed that the i-th
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market participant has two thresholds to decide buying and selling, 95 (t) and
ij (t) (05(t) > ij (t)) and that the action y;;(t) can be described as

L (®i(t) > 055(1)7)
yis(t) =< 0 (0:5(8)° < Pi(t) < 0i;(t)") , (11)
—1 (Pi(t) < 05(1))

where “buying”, “selling”, and “waiting” are coded as 1, —1, and 0, respec-
tively. The excess demand and the tick frequency of the j-th financial com-
modity are defined as D;(t) = N1 Zf\; yi; (), and A;(t) = 47 Ziv 1y ()],
respectively. Logarithmic returns r;(t) = log P;(t) — logP (t — At) (P;(t) de-
notes the market price of the j-th financial commodity at time ¢) can be
approximated as a product of the excess demand and the liquidity constant:
rj(t) =yD;(t) (v >0).

The information ;(t) perceived by the i-th market participant at time ¢
can be divided into endogenous information (weighted moving average of re-
turns) and exogenous information (news):

Z Czk 1k a 9

where T;;(t) represents the memory length of the i-th market participant for
the j-th financial commodity at time ¢. ¢;;(07(t),07(t)) is the attention of
the i-th market participant to the j-th ﬁnan(:lal commodity. The more abso-
lute values of the thresholds are, the less market participants become active.
Namely the market participants do not focus on the financial commodities if
the absolute values of the thresholds are high. Therefore ¢;;(z, y) is monoton-
ically decreasing function of |z| and |y|. For simplicity ¢;;(z,y) is assumed as
cij(z,y) = 1/(2? +y?). Since the exogenous information s;(¢) is unpredictable
it seems to be reasonable to describe it as a random variable which obeys the
normal distribution, s;(t) : N(0,02).

Y EN1Y

ka(t)
(t— At +si(t),  (12)

=1

6.2 Numerical Simulation

For convenience of numerical simulation it is assumed that a;;(¢) can be di-
vided into the common component of the market participants and the di-
versification of the market participants and that they can be described as
random variables which obey the identical and independent normal distribu-
tion, a;;(t) = a(t) + aj;(t), where a;;(t) : N(0,07), and aj;(t) : N(0,07,). Of
course this assumption can be weakened, for example, colored noises can be
applied to a;;(t).

For M = 2, N = 500, T;;(t) = 5, AP =023, A5 = —0.23, 0, = 0.315,
g = 0.0315, 0¢ = 0s = 0.2 and v = 0.1 numerical simulation is performed.
07 (t) and 07 (t) are constant in time.
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Fig. 1. The relation between similarities between two tick frequencies and A5 at
A7 = 0.23. r represents Peason’s product-moment correlation, POC phase only
correlation, PS similarity between instantaneous phases, and KL the symmetric
Kullback-Leibler distance, respectively. The similarities have a peak at A7 = A5.

Figure 1 shows the relation between AJS and the similarity. It is found that
the similarity for all the methods takes the maximum value at Ay = 0.23,
which is the same value as A; = 0.23. Alternatively the difference between /1*19
and A5 becomes bigger the similarity becomes lower. The difference between
thresholds largely influences the similarity.

Since four kinds of similarity measures provide almost same results, sim-
ilarity of behavioral parameters of the market participants is related to sim-
ilarity of behavioral frequencies despite similarity measures. It is concluded
that the behavioral frequencies tend to be similar if the behavioral parameters
are similar. Contrarily when the behavioral frequencies are similar one may
infer that the behavioral parameters of the market participants are similar. At
least when the behavioral frequencies are different from each other the behav-
ioral parameters of market participants trading those financial commodities
are different from each other.

7 Empirical Results

In this section brief comments for empirical results of actual tick data of
the foreign exchange market are addressed. The similarities among currency
pairs are calculated by using four similarity measures from three aspects;
(1) macroscopic time scale, (2) microscopic time scale, and (3) networks of
currency pairs. Three facts are clarified through empirical analysis; (a) re-
lations among currency pairs have tendency to be more similar than before



Dynamical Structure of Behavioral Similarities 125

2000/09/15 00:00(GMT+1) : Asia (A) : SKL 2000/09/15 07:59(GMT+1) : Asia (A) : SKL 2000/09/15 15:59(GMT+1) : Europe (A) : SKL

Comraes)
D)

Fig. 2. The symmetric Kullback-Leibler spectral distances at (a) Asian time zone,
(b) European time zone, and (c¢) American time zone among 15 kinds of currency
pairs (EUR/CHF, EUR/GBP, EUR/JPY, EUR/NOK, EUR/SEK, EUR/USD,
NZD/USD, USD/CAD, USD/CHF, USD/JPY,USD/NOK, and USD/SEK) on
15th September 2000. Nodes represent currency pairs and thick/thin lines similar-
ity /dissimilarity of two connected currency pairs. The similarity structure depends
on the time zone.

from viewpoint of macroscopic time scale, (b) similarity structure varies in
time from microscopic time scale, and (c¢) similarity structure has patterns in
time (See Fig. 2).

8 Conclusion

The dynamics of the foreign exchange market was analyzed through similar-
ity of the tick frequency, which is the trace of the action by market partic-
ipants. By utilizing four kinds of similarity measures (Pearson’s correlation,
phase only correlation coefficient, similarity of instantaneous phase, and the
Kullback-Leibler spectral distance) similarity structure of the tick frequencies
among several currency pairs was computed. As the results it was found that
similarity structure of the tick frequencies dynamically varies with rotation
of the earth and that four kinds of methods have the same tendency. How-
ever the similarity between the instantaneous phases was slightly different
from others. In order to confirm appropriateness of four similarity measures
the agent-based model of a financial market in which N market participants
exchange M kinds of financial commodities was introduced. From numerical
simulation it was confirmed that each similarity measure becomes high when
the behavioral parameters to determine both perception and action for the
market participants trading those financial commodities are similar. Hence
the similarity of the tick frequency is associated with behavioral parameters
of the market participants.

Computerization of financial markets may have brought potential risks
which damage the world economy; (1) operational risks, (2) market risks, and
(3) systemic risks. In order to avoid these risks, constructive utilization of the
tick data should be sophisticated. We propose that a real-time monitoring sys-
tem of the financial markets should be constructed from physical point of view
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in order to avert emergency of market crashes. If all the market participants
can understand their situation then mass panic due to lack of information
may be averted. We expect that this work contributes to both safety and
stabilization of the financial markets.
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1 Introduction

During the last few years various models of networks [1,2] have become a pow-
erful tool for analysis of complex systems in such distant fields as Internet [3],
biology [4], social groups [5], ecology [6] and public transport [7]. Modeling
behavior of economical agents is a challenging issue that has also been stud-
ied from a network point of view. The examples of such studies are models of
financial networks [8], supply chains [9,10], production networks [11], invest-
ment networks [12] or collective bank bankrupcies [13,14]. Relations between
different companies have been already analyzed using several methods: as net-
works of shareholders [15], networks of correlations between stock prices [16]
or networks of board directors [17]. In several cases scaling laws for network
characteristics have been observed.

In the present study we consider relations between companies in Poland
taking into account common branches they belong to. It is clear that com-
panies belonging to the same branch compete for similar customers, so the
market induces connections between them. On the other hand two branches
can be related by companies acting in both of them. To remove weak, acci-
dental links we shall use a concept of threshold filtering for weighted networks
where a link weight corresponds to a number of existing connections (common
companies or branches) between a pair of nodes.

2 Bipartite Graph of Companies and Branches

We have used the commercial database “Baza Kompass Polskie Firmy
B2B” [18] from September 2005. It contains information concerning over 50
000 large and medium size Polish companies belonging to one or more of 2150
different branches. A bipartite graph of companies and branches has been
constructed as at Fig. 1.
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‘ Company 1 ‘ ‘ Company 2 ‘ ‘ Company 3 ‘ ‘ Company 4 ‘

BranchA>  BranchB > Branch C

Fig. 1. Bipartite graph of companies and trades.

In the bipartite graph we have two kinds of objects: branches A =
1,2,3...N, and companies ¢« = 1,2,3...... Ny, where N — total number of
branches and Ny — total number of companies. Let us define a branch ca-
pacity | Z(A)| as the cardinality of set of companies belonging to the branch
A. At Fig. 1 the branch A has the capacity |Z(A4)] = 2 while |Z(B)| = 3
and |Z(C)| = 1. The largest capacity of a branch in our database was 2486
(construction executives), the second largest was 2334 (building materials).

Let B(i) be a set of branches a given company ¢ belongs to. We define
a company diversity as |B(i)|. An average company diversity u is given as

i=Ny
= Nif > 1B (1)

For our data set we have p = 5.99.
Similarly an average branch capacity v is given as

A=N,

= 3 12, @)

A=1

and we have v = 134.
It is obvious that the following relation is fulfilled for our bipartite graph:

/LNf = I/Nb. (3)

3 Companies and Branches Networks

The bipartite graph from Fig. 1 has been transformed to create a companies
network, where nodes are companies and a link means that two connected
companies belong to at least one common branch. If we used the example
from Fig. 1 we would obtain a companies network presented at Fig. 2.

We have excluded from our dataset all items that correspond to commu-
nities (local administration) and as a result we got Ny = 48158 companies,
belonging to a single connected cluster. Similarly a branch network has been
constructed where nodes are branches and an edge represents connection if
at least one company belongs to both branches. In our database we have
Ny = 2150 different branches.
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Company 1

Company 2

Company 3

Fig. 2. Companies network on the left, branches network on the right.

Company 4

4 Weight, Weight Distribution and Networks
with Cutoffs

We have considered link-weighted networks. In the branches network the link
weight means a number of companies that are active in the same pair of
branches and it is formally a cardinality of a common part of sets Z(A) and
Z(B), where Z(A) is a set of companies belonging to the branch A and Z(B)
is a set of companies belonging to the branch B:

wap = |Z(A) N Z(B)|. (4)

Let us define a function f,f which is equal to one if a company k belongs to
the branch A, otherwise it is zero:

A_JlLkeA
={oreal )
Using the function f,f the weight can be written as:

Ng
wap =Y _fit 1. (6)

k=1

The weight distribution p(w), meaning the probability p to find a link with
a given weight w, is presented at Fig. 3. The distribution is well approximated

by a power function
p(w) ~ w7, (7)

where the exponent v = 2.46 + 0.07. One can notice the existence of edges
with large weights. The maximum weight value is w4, = 764, and the average
weight

Wmax

(w) =Y wplw), )
Wmin
equals (w) = 4.67.
Using cutoffs for link weights we have constructed networks with different
levels of filtering. In such networks nodes are connected only when their edge
weight is no less than an assumed cutoff parameter w,. In Table 1 we present
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Fig. 3. Weight distribution in branches network.

Table 1. Data for branches networks: w, is the value of selected weight cutoff, IV is
the number of vertices with nonzero degrees, E is the number of links, knqz is the
maximum node degree, (k) is the average node degree, C'is the clustering coefficient.

wo N E kmaw (k) C

1 2150 389542 1716 362 0.530
2 2109 212055 1381 201  0.565
3 2053 136036 1127  132.  0.568
4 2007 100917 952 100  0.575
5 1948 80358 802 82  0.589
6 1904 66353 655 69  0.592
7 1858 56565 569 60  0.596
8 1819 49193 519 54 0.597
9 1786 43469  ATT 48 0.599
10 1748 38924 450 44 0.600
12 1666 32167 394 38  0.615
14 1611 26088 325 32 0.605
16 1545 21762 288 28 0.606
18 1490 18451 259 24 0.603
20 1424 15872 226 22 0.604
30 1188 8989 162 15  0.585
40 996 6036 131 12 0.587
50 857 4379 111 10 0572
60 752 3303 85 8 0.551
70 666 2638 65 7 0.524
80 575 2143 55 7 0.532
90 512 1808 49 7 0.538
100 464 1543 41 6 0.546
150 306 750 26 4 0.493
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the main parameters of branches networks with changing w,. The clustering
coefficient has been calculated by the definition:

N
1 2E;
C_]_V;ki(ki—l) ©)

where F; is the number of existing connections between neighbours of node
1 and k; is the degree of vertex i. The values of clustering coefficient is very
high in comparison to random networks, and it remains almost at a constant
level for the presented values of cutoff parameter.

A weight in the companies network is defined in a similar way as in the
branches networks, it is the number of common branches for two companies —
formally it is equal to the cardinality of a common part of sets B(i) and B(j),
where B(i) is a set of branches the company 4 belongs to, B(j) is a set of
branches the company j belongs to:

wij = |B(i) N B(j)|- (10)

Using the function f,f the weight can be written as
Ny
wig =Y f (11)
A=1

Table 2. Data for companies networks: w, is the selected cutoff, N is the number
of nodes with nonzero degrees, F is the number of links, k42 is the maximum node
degree, (k) is the average node degree, C is the clustering coefficient.

w, N E kmaw (k) C

1 48158 39073685 16448 1622  0.652
2 39077 9932790 8366 508  0.689
3 31150 3928954 4842 252 0.714
4 24212 1895373 3103 156  0.717
5 18566 1024448 2059 110  0.713
6 14116 622662 1412 88 0.710
7 10796 404844 1012 74 0.700
8 8347 266013 724 63 0.701
9 6527 180696 566 55 0.699
10 5197 124079 443 47 0.699
11 4268 94531 382 44 0.704
12 3400 68648 345 40 0.693
13 2866 54258 305 37 0.691
14 2277 36461 277 32 0.663
15 1903 28844 249 30 0.673
16 1627 23063 231 28 0.678
17 1397 18352 212 26 0.667
18 1196 14480 191 24 0.680
19 1003 11230 171 22 0.680
20 883 8907 159 20 0.676
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The maximum value of observed weights w4, = 207 in this network is
smaller than in the branches network while the average value equals (w) =
1.48. The weight distribution in this case does not follow a power law and in
a limited range it shows an exponential behavior.

Similarly to the branches networks we have introduced cutoffs in companies
network. The dependence of selected network parameters on cutoff threshold
is shown in Table 2. The behaviour of clustering coefficient resembles the one
observed in the branches networks.

At Fig. 4 we present average degrees of nodes and maximum degrees as
functions of the cutoff parameter w,. We have observed a power law scaling
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Fig. 4. Dependence of (k) and kmaz on cutoff parameter w, for branches networks
(top) and companies networks (bottom).
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(k) ~w, ", (12)
Emaz ~ w, <, (13)

where for branches networks o = 1.069 £+ 0.008 and 5, = 0.792 4+ 0.005 while
for companies networks oy = 2.13 +0.07 and 3y = 1.55 + 0.04.

5 Degree Distribution

We have analyzed the degree distribution for networks with different cutoff
parameters. At Fig. 5 we present the degree distributions for companies net-
works for different values of w,. The distributions change qualitatively with
increasing w, from a nonmonotonic function with an exponential tail (for
w, = 1) to a power law with exponent ~ (for w, > 6).

At the Fig. 6 we present a degree distribution for branches networks. For
w, = 1 we observe a high diversity of node degrees — vertices with large val-
ues of k occur almost as frequent as vertices with a small k. For a properly
chosen cutoff values the degree distributions are described by power laws. For
w, = 4 we see two regions of scaling with different exponents v; and o while
a transition point between both scaling regimes appears at k£ ~ 100. Branches
belonging to the first regime of scaling are more specific, for example “pro-
duction of protective clothing”, “poultry farmer”, “gemstone” and branches on
the right are more general like “import and export general”, “network of su-
permarkets”. We suppose that the mechanism of this behaviour is similar to

0
10 T T T T
2 o] XXX X XXX X X :
af X QQQﬁgééééoooooo x 1
1007 x X C0oo Xx
o O (o) X
DD OO X
~ E o X 3
< "o "o :
N X
o 10—4% o O
102 A o O
o o
20 oo i
6] O ]
10 [ 10°
i N D 0 og
0 2000 4000 6000 8000 ‘
0 1 2 3 4
10 10 10 10 10

k

Fig. 5. Degree distributions for companies networks for different values of w,. X-
marks are for w, = 1, circles are for w, = 2, squares are for w, = 3 and triangles
are for w, = 12.
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linguistic networks [19]. Appearance of a new general branch creates connec-
tions between existing specific branches, what causes double scaling in the
end.

It is important to stress that in both networks (companies and branches)
the scaling behavior for degree distribution occurs only if we use cutoffs for
links weights (compare Fig. 5 and Fig. 6). It follows that such cutoffs act as
filters for the noise present in the complex network topology.

6 Entropy of Network Topology

In order to examine how much information we fillter out, we have chosen to
investigate entropy S, using a standard formula for Gibbs entropy (14):

§ == p(k) np(k). (14)
k

The entropy of degree distribution in both networks decays logarithmically as
a function of the cutoff value w, (see Fig. 7):

S =—aln(w,) +b. (15)

For branches networks fitting parameters are a = 0.834 + 0.004 and b =
6.51 + 0.02.

The entropy in companies networks behaves similarly with a = 1.794+0.05
and b = 8.49 +0.15. We have observed that decrease is faster with w, than in
the branches networks. This is due to different distributions of weight in both
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Fig. 7. Entropy dependence on cutoff parameter for branches networks on the top
and for companies networks on the bottom.

networks and a smaller range of weights in the companies networks. Since
they are filtered differently with w, we have observed dependence of S on the
parameter (k). This dependence is presented at the Fig. 8 along with results
of formula (16) with real values of k.4, and 7. The formula (16) is calculated
for general case of power law distributions with k,,;, = 1.
_ 1—y
S (7, man) = — In 11_ v vkmﬁ nkmex (16)
ko) =1 ko’ -1 (1=7)

In our system, parameters v and k. depend on each other. Both are defined
by the cutoff paramter w,. The increase of w, results in the decrease of k4
and increase of 7. Let us take the simplest possible situation — a uniform
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distibution from k,,;, = 1 to kpee. For this case we calculated the entropy
analytically using the definition (14):

kmas
max 1 1
—_— - - 1
S (kmam) /1 L 1 In (kmaz 1) dk In (kma;ﬂ 1), ( l)

maxr

what is equivalent to :
S=In((k) —1)+In2. (18)
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Fig. 8. Entropy dependence on the average node degree (k). X-marks represent
measured entropy in companies networks and triangles represent the results of an-
alytic formula (16) (only for networks with definite power-law distribution).
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Fig. 9. Dependence of entropy on the average nodes degree. Clircles represent
branches networks and X-marks represent companies networks. Line corresponds
to (18).
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The value of (k) is strictly connected to the width of the distribution. Figure 9
shows that such a simplistic approach gives a very good approximation of real
entropy value. We can conclude that the width of the distribution is the main
source of entropy changes in our systems. The presence of two parameters
( 7, Kmaz ) is irrelevant as both are derived from the same parameter w,.
We decided to use the single parameter (k) since it seems to be the most
significant and universal for different networks.

7 Conclusions

In this study, we have collected and analyzed data on companies in Poland.
48158 medium/large firms and 2150 branches form a bipartite graph that
allows to construct weighted networks of companies and branches.

Link weights in both networks are very heterogenous and a corresponding
link weight distribution in the branches network follows a power law. Remov-
ing links with weights smaller than a cutoff (threshold) w, acts as a kind of
filtering for network topology. This results in a recovery of a hidden scaling re-
lations present in the network. The degree distribution for companies networks
changes with increasing w, from a nonmonotonic function with an exponential
tail (for w, = 1) to a power law (for w, > 6). For a filtered (w, > 4) branches
network we see two regions of scaling with different exponents. Entropies of
degree distributions for both networks decay logarithmically as a function of
cutoff parameter and are proportional to the logarithm of the mean node de-
gree. We have found the distribution width to be a crucial factor for entropy
value.
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Summary. Bilateral trade relationships in the international level between pairs of
countries in the world give rise to the notion of the International Trade Network
(ITN). This network has attracted the attention of network researchers as it serves
as an excellent example of the weighted networks, the link weight being defined as
a measure of the volume of trade between two countries. In this paper we analyzed
the international trade data for 53 years and studied in detail the variations of
different network related quantities associated with the ITN. Our observation is that
the ITN has also a scale invariant structure like many other real-world networks.

From long time back different countries in the world were dependent econom-
ically on many other countries in terms of bilateral trades. A country exports
its surplus products to other countries and at the same time imports a number
of commodities from other countries to meet its deficit. These bilateral trades
among different countries in the world have given rise to the notion of the
International Trade Network. In recent years studying the structure, function
and dynamics of a large number of complex networks, both in the real-world
as well as through theoretical modeling have attracted intensive attention
from researchers in multi-disciplinary fields [1-3] in which ITN has taken an
important position in its own right [4-8]. The volume of trade between two
countries may be considered as a measure of the strength of mutual economic
dependence between them. In the language of graph theory this strength is
known as the weight associated with the link [9]. While simple graphical repre-
sentation of a network already gives much informations about its structure, it
has been observed recently that in real-world networks like the Internet and
the world-wide airport networks the links have widely varying weights and
their distribution as well as evolution yield much insight into the dynamical
processes involved in these networks [10-13].

Recently few papers have been published on the analysis of the ITN. The
fractional GDP of different countries have been looked upon as the ‘fitness’
for the international trade. Links are then placed between a pair of nodes
according to a probability distribution function of their fitnesses [5]. Also the
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trade imbalances between different pairs of countries, measuring the excess of
export of one country to another over its import from the same country, are
studied [6,8]. Using this method one can define the backbone of the ITN [8].

In the world there are different countries with different economic strengths.
These countries are classified into three different categories. According to the
World Bank classification of different countries in July 2005 based on gross
national income (GNI) per capita as mentioned in the human development
reports of 2003 [14] high income countries have GNI/capita at least $9,386,
middle income countries have GNI/capita in between $9,386 and $766 where
as low income countries have GNI/capita less than $766.

In a recent paper [12] we have studied the ITN as an example of the
weighted networks. Analysis of the I'TN data over a period of 53 years from
1948 to 2000 available in [15] have lead to the recognition of the following
universal features: the link weight i.e., volume of annual trade between two
countries varies over a wide range and is characterized by a log-normal proba-
bility distribution and this distribution remains robust over the entire period
of 53 years within fluctuation. Secondly, the strength of a node, which is the
total volume of trade of a country in a year depends non-linearly with its
Gross Domestic Product (GDP). In addition a number of crucial features
observed from real-data analysis have been qualitatively reproduced in a non-
conservative dynamic model of the international trade using the well known
Gravity model of the economics and social sciences as the starting point [16].

The annual trade between two countries 7 and j is described by four dif-
ferent quantities exp,;, exp;;, imp,; and imp,;; measured in units of million
dollars in the data available in the website [15]. In general values of exp;; and
imp; should be the same yet they have been quoted differently since exports
from ¢ to j and j’s import from ¢ are reported as different flows in the IMF
DOT data. Although magnitudes of these quantities are approximately same
in most cases they do differ in many instances due to different reporting pro-
cedures followed and different rates of duties applicable in different countries
etc. [17]. Therefore between two countries i and j we denote the amount of
export from i to j by wi;”, the amount of import from j to i by w;;" and
the total trade by w;; and define them as:
mp 1

1 .
b= _(eXPij + lmpji)a Wi 2

ij 9 (expj; 4+ imp;;), wi; = wi;” +wi". (1)

Using these data the International Trade Network can be constructed every
year. Naturally nodes of the ITN represent different countries in the world.
The export wy;” is the outword flow from i to j and the import w;;" is the
inward flow from j to i. Therefore the ITN is in general a directed graph with
two opposite flows along a link, though it has been observed that few links
have only one flow. Obviously one can also ignore the direction and define an
undirected link between an arbitrary pair of nodes if there exists a non-zero
volume of trade in any direction between the corresponding countries. Both
the number of nodes NV as well as the number of links L in the annual ITN
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varied from one year to the other. In fact they had grown almost systematically
over the years. For example, the number of nodes have increased from N = 76
in 1948 to 187 in 2000 (Fig. 1(a)), the number of links have increased from
L = 1494 in 1948 to 10252 in the year 2000 (Fig. 1(b)) where as the link
density p(N, L) = L/[(N(N —1))/2] fluctuated widely but with a with a slow
increasing trend around a mean value of 0.52 over this period (Fig. 1(c)).

Looking at the available data few general observations can be made: Few
high income [14] countries make trades to many other countries in the world.
These countries form the large degree hubs of the network. In the other
limit, a large number of low income countries make economic transactions
to few other countries. Moreover, a rich-club of few top rich countries actually
trade among themselves a major fraction of the total volume of international
trade.

A huge variation of the volume of the bilateral trade is observed starting
from a fraction of a million dollar to million million dollars. There are a large
number of links with very small weights and this number gradually decreases
to a few links with very large weights. The tail of the distribution consists of
links with very large weights corresponding to mutual trades among very few
high income countries [14]. The variation of the ratio of w4, and W is shown
in Fig. 2(a). The average weight per link had also grown almost systematically
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Fig. 1. Variations of the (a) the total number of nodes N (b) the total number of
links L and the (c) link density p(N, L) of the annual ITN over a period of 53 years
from 1948 to 2000.
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Fig. 2. Plot of different quantities over the period from 1948 to 2000: (a) the ratio
of maximal trade w;;** along a link and the total volume of trade W of the ITN,
(b) average total trade (export + import) (w;;) per link and (¢) total volume of
annual world trade W.
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from 15.54 M$ in 1948 to 308.8 M$ in 2000 (Fig. 2(b)). Again the total world
trade W had grown with years from 2.3 x 1019 dollars in 1948 to 3.2 x 10'2
dollars in 2000 (Fig. 2(c)).

The degree k of a node is the number of other countries with which this
country has trade relationships. This can be further classified by the number
of countries to which this country exports and is denoted by ke, where as
kimp is the number of countries from which this country imports. In general
kexp # kimp but for some nodes they may be the same. The structure of
the ITN is mainly reflected in its degree distribution which has been already
studied in [5] in which a power law for the cumulative distribution Ps (k) ~
k'~ has been observed over a small range of k values with v ~ 2.6. We have
studied the degree distributions, each averaged over ten successive ITNs, for
example, 1951-60, 1961-70, 1971-80, 1981-90 and 1991-2000. The plots are
given in Fig. 3(a). We see that indeed a small power law region appears for the
period 1991-2000 with a value of v &~ 2.74. Such a region is completely absent
in the decade 1951-1960. In the intermediate decades similar short power law
regions are observed with larger values of . The average degree of a node
(k) and the maximal degree of a node k;,q. have also been studied for all
the 53 years where the size NV of the ITN varied. We plot these quantities in
Fig. 3(b) using double-log scale and observe the following power law growths
as: (k) ~ N'19 and kyar ~ N1, Obviously these exponents have the upper
bound equal to unity yet they are found out to be larger than one since both
(k)/N and kyq./N ratios have grown slowly with time as as time progresses.
This implies that as years have passed not only more countries have taken
part in the I'TN but in general individual countries have established trade
relationships with increasing number of other countries, a reflection of the
economic global liberalisation.
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Fig. 3. (a) Cumulative degree distributions P (k) vs. k averaged over the ten
year periods during 1951-60, 1961-70, 1971-80, 1981-90 and 1991-2000 (from left
to right). No power law variation is observed for the 1951-60 plot. For the next
decades however power laws over small regions are observed whose slopes gradually
decrease to 1.74 for the 1991-2000 plot. (b) average nodal degree (k) and the largest
degree kpq. with the size N of the ITN.
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Within a year how the ITN grows to its fully connected configuration?
A flavour of this mechanism can be obtained by the following mimicry. Con-
sider a process which starts from N nodes but with no links. Links are then
inserted between pairs of nodes with a probability proportional to the weight
of the link since a large weight link is more likely to be occupied than a small
weight link. To do this first the link weights in the I'TN have been ordered
in an increasing sequence. Then the links are dropped in the descending or-
der of the link weights starting from the maximum weight wpq.. We have
also studied the reverse procedure when links are dropped in the increasing
sequence of the link weights starting from the weakest link. In the Fig. 4(a)
we show the growth of the fractional size of the giant component S,/N with
the fraction f of links dropped. The plot shows that the growth rate is slower
in the first case and the giant component spans the whole ITN faster than
when links are dropped in the ascending order of strengths. Moreover how
the single connected component is attained has been quantitatively studied
by plotting 1 —S,/N and f on a semi-log scale in Fig. 4(b). The intermidiate
straight portions in both plots indicate exponential growths of the size of the
giant component.

The annual volume of trade between a pair of countries is a measure of the
strength of trade between them and is referred as the weight of the link con-
necting the corresponding nodes. We have studied the distribution of the total
trade w;; along a link in detail, without distinguishing between the exports
and the imports. Therefore Prob(w)dw is the probability to find a randomly
selected link whose weight lies between w and w + dw. In general in a typical
ITN, the link weights vary over a wide range. There are many many links
with small weights whose number gradually decreases to a few links with
large weights. In the first attempt we plot the distribution on a double loga-
rithmic scale as shown in Fig. 5(a). Data for the six different years from 1950

(b)
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f f
Fig. 4. (a) Fractional size S;/N of the giant component of the ITN is plotted with
the fraction f of the links that are dropped in the descending (solid) sequence from
the strongest and in the ascending (opaque) sequence from the weakest weight of
the links. (b) The difference 1 — S;/N has been plotted on a semi-log scale which
indicates an exponential approach to the fully connected network.
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Fig. 5. Trial of power law and log-normal fits: (a) A double logarithmic plot of the
probability distribution Prob(w) of the link weights for the six different years at the
ten years interval from 1950 to 2000. The straight line shows average slope of the
intermediate regime of all distributions giving an average estimate for the exponent
Tw = 1.22 £ 0.15. (b) Scaled plot of the probability distribution of the link weights
—20% In[Prob{In(w)}v27rc?] as a function of In(w/wo). The five year averaged data
have been plotted for ten different periods from 1951 to 2000. Points scatter around
the scaled form of the log-normal distribution y = z? evenly except at the ends.
Contact authors for color figures.

to 2000 at the interval of ten years have been plotted with different colored
symbols. Each plot has considerable noise which is more prominent at the
tail of the distribution. Yet one can identify an intermediate region spanning
little more than two decades of w;; where the individual plots look rather
straight. This indicates the existence of a power law dependence of the distri-
bution: Prob(w) ~ w™™ in the intermediate regime. Therefore we measured
the slopes of these plots in the intermediate region for every annual ITN for
53 years from 1948 to 2000. These values have fluctuations around their means
and our final estimate for the exponent is: 7, = 1.22 + 0.15.

We re-analyzed the same data by trying to fit a log-normal distribution

as:
1 1 In? (w/wo)

Prob(w) = Tomw exp (—T> , (2)
where the characteristic constants constants of the distribution are defined
as wy = exp((In(w))) and o = {{(In(w))?) — (In(w))?}*/2. It is found that
different annual ITNs have different values for wy and o. However we ob-
served that one can make a plot independent of these constants. Given the
wj; values of an ITN one calculates first wy and o. Then calculating the
Prob{in(w)} one plots —202 In[Prob{In(w)}v/270?] as a function of In(w/wg)
which should be consistent with a simple parabola y = 22 for all years (Note
that Prob{In(w)}d{In(w)} = Prob(w)dw implies Prob{ln(w)} = wProb(w)).
This analysis has been done for fifty years for the period 1951-2000 but the
data for every successive five years period have been averaged to reduce noise
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and ten plots for the intervals 1951-55, 195660, ..., 1996-2000 have been
plotted in Fig. 5(b) with different colored symbols. We observe that the data
points are evenly distributed around the y = 22 parabola in most of the inter-
mediate region with slight deviations at the two extremes, i.e., at the lowest
and highest values of In(w/wg). We conclude that the probability distribution
of link weights of the annual ITNs is well approximated by the log-normal
distribution and is a better candidate to represent the actual functional form
of the Prob(w) than a power law. We mention here that the trade imbalances
have also been claimed to follow the log-normal distribution [8].
In the world wide trade relations who is stronger and who is weaker?
A measure of the capacity of trade is defined by the strength s; of a node
which is the total sum of the weights w;; of the links meeting at a node .
Thus,
S; = ijij. (3)

Using the strength distribution one can estimate which countries actually
control a major share of the international trade market. We define f,(s)
as the ratio of the total volume of trade a subset of countries make among
themselves to the total trade volume W in the I'TN. The subset is defined
as those countries whose strengths are at least s. For this analysis we first
arrange the nodes in a sequence of increasing strengths and then delete the
nodes in this sequence one by one. When a node is deleted all links meeting
at this node are also deleted. Consequently the total volume of trade among
the nodes in the subset also decreases. In the Fig. 6(a) we show how f,(s)
decreases with s/ 8,4, for the year 2000. Up to a large value of s/8,,4. = 0.01,
fuw(s) effectively remains close to unity beyond which it decreases faster. It is
observed that only a few top rich countries indeed trade among themselves one
half of the world’s total trade volume, corresponding to fy,(s) = 1/2. Evidently
these countries are very rich and are the few toppers in the list of strengths —
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Fig. 6. Variations of the (a) fraction of the total world trade the rich-club countries
make among themselves with the fractional strength of the weakest in the rich-club
and (b) percentage of the world countries that make 50% of the world’s total trade
volume falls from = 19% to ~ 6% between 1948 to 2000.
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which is said to have formed a ‘rich-club’ (RC). Therefore we measure the
fraction of countries in the RC and calculate how the percentage size of the
rich-club varied with time. In Fig. 6(b) we plot the year-wise fractional size
Src of the rich club from 1948 to 2000 and see that it has been decreased
more or less systematically from ~ 19% to ~ 6%. This implies that though
the world economy is progressing fast and more and more countries are taking
part in the world trade market yet a major share of the total trade is being
done only among a few countries within themselves.

A country makes different volumes of trade with other countries. Therefore
the values of the weights associated with the links of a node, both for imports
and exports vary quite a lot. A numerical measure of this fluctuation is given
by the ‘disparity’ measure Y. For a node ¢ the disparity is measured by

w-x [z ®

The average disparity measure Y (k) over all nodes of degree k is calculated. If
the weights associated with the k links are of the same order then Y (k) ~ 1/k
for large k values where as if the weights of a few links strongly dominate over
the others then Y (k) is of the order of unity. We have measured three disparity
measures, namely Y'(k) for the link weights w;; as the total trade, Y (keyp) for
the link weights w;;” as the export from the node i to node j and Y (ki)
for the link weights wf;np as the import from the node j to node i. These
quantities are plotted in Fig. 7 on log-log scales and we observe power law
dependences as: kY (k) ~ k%%, kipnp Y (Kimp) ~ k508 and kegp Y (Keap) ~ kO
Similar variations are also observed in trade imbalances [8].

To summarize, in this paper we have presented the analysis of the interna-
tional countrywise trade data and studied the variations of different quantities
associated with the International Trade Network, the trade data being avail-
able in [15]. While the ITN is inherently directed, where two opposite flows are
associated with the majority of the links, we largely ignored the directedness
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Fig. 7. Binned plot of the nodal disparity measures with degree. Averaged ITN
data for the period 1991 to 2000 have been used. The best fit straight lines are
(a) kY (k) ~ k"% for the trade network, (b) kimpY (Kimp) ~ kins for the import
network and () kewpY (kewp) ~ kosy for the export network.
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and analyzed the network as an undirected graph. Our analysis shows that
the link weight probability distribution of the undirected ITN fits better to
a log-normal distribution as observed in [4,6]. We also show that the deviation
in the size of the giant component of the ITN from the fully connected graph
decays exponentially. The size of the rich-club whose internal trading amount
is half of the total world trade amount decreases as time passes. Finally in the
disparity measure of the I'TN we distingushed between export and import at
a node. It is observed that the three different disparity measures using link
weights as the total trades, exports and imports grow in a similar fashion.

We thank A. Chatterjee and B.K. Chakrabarti for their nice hospitality in
the ECONOPHYS-KOLKATA TIII meeting.
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We develop complex networks that represent activities in the economy. The
network in this study is constructed from firms and the relationships between
firms, i.e., shareholding, interlocking directors, transactions, and joint appli-
cations for patents. Thus, the network is regarded as a multigraph, and it is
also regarded as a weighted network. By calculating various network indices,
we clarify the characteristics of the network. We also consider the dynamics of
firms in the production space that are characterized by capital stock, employ-
ment, and profit. Each firm moves within this space to maximize their profit by
using controlling of capital stock and employment. We show that the dynamics
of rational firms can be described using a ridge equation. We analytically solve
this equation by assuming the extensive Cobb-Douglas production function,
and thereby obtain a solution. By comparing the distribution of firms and this
solution, we find that almost all of the 1,100 firms listed on the first section
of the Tokyo stock exchange and belonging to the manufacturing sector are
managed efficiently.

1 Introduction

Network science has been used to clarify many characteristics of networks
in the real world, from biological networks to the worldwide web. This is
also used in the field of econophysics. Such studies have investigated business
networks [9], shareholding networks [6, 10-12], world trade networks |7, §],
corporate board networks [3,5], and transaction networks [13]. However, we
have little knowledge about networks in the economy. This is because previ-
ous studies have focused on one type of relationship between nodes. In the
real world, for example, firms are connected to each other by a wide variety
of relationships such as shareholding, interlocking directors, transactions, etc.
Networks and graphs that incorporate many kinds of connections, i.e., multi-
edges, are called multigraphs. Thus, the purpose of this article is to look at
networks in the economy as multigraphs.
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The economy is regarded as a set of activities of irrational agents in com-
plex networks. However, many traditional studies in economics have investi-
gated the activities of rational and representative agents in simple networks,
i.e., regular networks and random networks. To overcome the limitations of
such an unrealistic situation, the viewpoint of irrational agents has emerged.
However, it is important to reconsider how rational firms behave in a pro-
duction space. Here, the production space is composed of capital K, labor
L, and profit, I1, and II is a function of K and L. In this production space,
rational firms are managed to maximize profit by control of the capital and
the labor [1]. Thus, the second purpose of this article is to find a law followed
by rational firms in the production space.

This paper is organized as follows. In the next section we define networks
in the economy as multigraphs. Here, the nodes of the multigraph are firms,
and the relationships between those firms are shareholding, interlocking di-
rectors, transactions, and joint applications for patents. For this multigraph,
we calculated a variety network indices, and clarified the characteristics of
said networks. In the following section, we discuss the efficient management
of firms. We propose that the efficient firms must climb the mountain of the
profit by climing along a ridge of that mountain. The last section is devoted
to a summary.

2 Multigraph in the Economy

When we consider networks in the economy, we must define nodes and edges.
In the case of the economy, nodes are things like individuals, groups, firms,
and countries. We use Japanese firms listed on the stock market in 2004 as
nodes. The total number of firms is 3,576. Though there are many relationships
between these firms, in this article, we consider only four types of relationships:
shareholding, interlocking directors, transactions, and joint applications for
patents. These edges are regarded as multiedges, and networks are regarded
as multigraphs. We evaluate the number and type of edges and use this to
assign a weight to those edges. For example, if two firms are connected by
one instance of all of these four relationships, we consider these firms are
connected by one edge with a weight of 4. Thus, the multigraph is a weighted
graph.

2.1 Multigraphs in the Automobile Sector

As an example of a multigraph, we have developed a network made up of 13
firms in the automobile sector. This network is shown in Fig. 1. In this figure,
a number beside an edge represents the weight of that edge.

We calculated a variety of indices that characterize the network. Indices
calculated for each firm are summarized in Table. 1. In this table, k; is the
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1 NISSAN DIESEL 1

MITSUBISHI ISUZU

HINO HONDA
4 1
TOYOTA™ | NISSAN ERERVIVAIN
4 1
KANTO AUTO SUZUKI

DAIHATSU FUII HEAVY
2

AICHI MACHINE

Fig. 1. Multigraph of 13 firms in the automobile sector

degree of node 7, and w; is the sum of the weight of the edges connected to

the node i:
w; = Z Wijs
j€a(i)

where a(7) represents a set of nodes connecting to node 7, and w;; is the weight
of the edge that joins node ¢ and node j. Here, i denotes a firm’s number as
shown in Table. 1. If we look at k; and w;, we can see that NISSAN and HINO
have the greatest value of the degree, and that TOYOTA has the greatest
value of the sum of the weight of the edges. From this result, we can see that
firms with the greatest value of the degree do not necessarily have the greatest
value of the sum of the weight of the edges.

In Table. 1, L; is the averaged path length of node i. The averaged value of
L; is (L) = 1.75. From Fig. 1, so we can expect MAZDA to have the greatest
value of the averaged path length. In this case, this expectation is correct,
and MAZDA has Ls = 2.5. However, this value is not much greater than the
values of SUZUKI and KANTO AUTO, which are both Ly, = L; = 2.167.
As we can see in Fig. 1, MAZDA is connected to other nodes in the network
through NISSAN, and NISSAN has the lowest value of the averaged path
length at Lo = 1.583. This is why MAZDA does not have a very high value
of the averaged path length.
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Table 1. Network indices for 13 automobile firms

Firm’s number Firm’s name ki w; L; C; Ciw CP
1 ISUZU 4 4 1.917 0.5 0.5 0.030
2 SUZUKI 3 4 2.167 |1 1 0
3 DAIHATSU 4 10 1.75 0.5 0.533 |0.105
4 TOYOTA 4 13 1.917 |0.5 0.615 |0.048
5 MAZDA 1 1 2.5 0 0 0
6 AICH MACHINE |4 10 1.833 [0.5 0.533 |0.111
7 KANTO AUTO |3 7 2.167 |1 1 0
8 MITSUBISHI |3 3 2 1 1 0
9 NISSAN DIESEL | 5 8 1.583 |04 0.344 |0.197
10 NISSAN 6 12 1.583 |0.267 |0.283 |0.283
11 HINO 6 12 1.667 |0.4 0.4 0.160
12 FUJI HEAVY |4 5 1.833 [0.667 |0.667 |0.042
13 HONDA 3 3 1.75 |0 0 0.085

In this table, C; is the clustering coefficient of node i, and CY is the
weighted clustering coefficient of it. These are defined as
2e;
Ci=———, 1
ki (ki — 1) o

and

oY = ” (kj - jzk Wij ;wlk, if j and k are connected,
respectively. Here, e; is the number of edges which connect the nodes neigh-
boring of node i. As we can see in this table, if we ignore the weights of the
edges, ISUZU, DAIHATSU, TOYOTA, and AICH MACHINE have the same
value of clustering coeflicient, which is C; = C3 = Cy = Cg = 0.5. However,
if we consider the weight of the edges, we can see a difference. In this case,
TOYOTA has Cf = 0.615, which is greater than C}’, C¥, and CY'.

In Table 1, C}) is a betweenness centrality of node 7, and is defined as
ch=a4 Y —"j"{(z),
itjthev  TIk

where A is a normalization constant, and V represents a set of nodes in the
network. Here, o;j, is the number of the shortest paths from node j to node
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k, and o (i) is the number of the shortest paths from node j to node k
through node i. In this table, we can see that NISSAN has the greatest value
of betweenness centrality, at C’PO = 0.238. As mentioned previously, MAZDA is
connected to the network through NISSAN. Thus, firms connected to NISSAN
are thereby also connected to MAZDA. This is why NISSAN has the greatest
value of betweenness centrality.

2.2 Network Indices for Various Sectors

We calculated network indices for the largest connected component (LCC)
in networks of a variety of industry sectors. The results are summarized in
Table. 2. In this table, (k), (L), (C), and (CV) are the averaged values of the
degree, the averaged path length, the clustering coefficient, and the weighted
clustering coefficient.

By considering all industry sectors, we obtained the results shown in the
second column in the table. In this case, the size of the largest connected
component is the same as the network itself. This means that there is no
disconnected component. By considering the electronics sector, we obtained
the result shown in the third column in the table. By comparing the second
and third columns, we can see remarkable differences between the values of
(k), (C), and (CWV). The network of all sectors has a greater value of (k)
than that of the electronics sector. Thus, we expect the network of all sectors
to have a greater value of (C) and (CV) than that of the electronics sector.
However, this is not true in this case. From Eq. (1), we can see that the average
node has a clustering coefficient given by

261'

= -1

Table 2. Network indices for some business sectors

Indices All sectors | Electronic | Automobile | Medical | Steel
#node 3,576 285 87 49 47
#link 55,332 2,196 569 126 | 119
#node(LCC) 3,576 285 85 49 47
#link(LCC) 55,332 2,196 568 126 | 119
(k) 29.723| 15411 13.365|  5.143 | 5.064

(L) 2777 2.319 1.984| 2.528 |2.300

() 0.240 0.652 0.890 0.220 | 0.571
(cwy 0.187 0.452 0.461| 0.164 |0.417
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Thus, if different nodes have almost the same value of e;, the great value of
(k) makes C; small. This is why the network of all sectors has a lesser value,
C;, than that of the electronics sector. This is also applicable to the case of
(W,

By considering the automobile sector, we obtained the results shown in
the foruth column in the table. As we can see, the electronics and automobile
sectors have almost the same value of (k) and (L). However, the value of
(C) in the automobile sector is markedly greater than that in the electroniics
sector. This may lead us to believe that the automobile sector has stronger
connections than the electronics sector. However this is not the case, because
the value of (CV) is almost the same in both the electronics and automobile
sectors.

The sizes of the electronics and the automobile sectors’ networks differs.
Thus, it is important to compare sectors of about the same size. The medical
and steel sectors are such a case. As we can see in the fifth and sixth columns
in the table, these two sectors have almost the same number of nodes and
edges. Thus, the (k)s are almost the same value. Although (L)s are almost
same, (k)s and (L)s are very different. Both the (C) and (CV) in the steel
sector are greater than those in the medical sector. This means that the steel
sector is constructed from strongly connected clusters, compared to the weaker
connected clusters in the medical sector.

The correlation between the degree and the betweenness centrality is
shown in Fig. 2. This figure is the log-log plot of the degree, k, and the
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Fig. 2. Correlation between k and cP
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betweenness centrality, CP. In this figure, the bold solid line corresponds to
CP x k2. As we can see, this relation is approximately correct.

3 A Ridge in the Production Space

Production is one of the characteristics of a firm’s activity. The original con-
cept of production is simple: two inputs, capital, K, and labor, L, are combined
to produce a unique maximum quantity of one output, known as production,
Y (for example see Ref. [14]). This is represented by

Y =F(L,K), L>0, K > 0.

The function, F', is called a production function and defines the technical
relationship between the two inputs and the output. If the production function
satisfies i
Y =Lf(@), «= 7.
then the production function is called “extensive”. Profit, IT, of firms is defined
by
=Y -D-L.

Here, we assume that Y is replaced by the extensive production function
Lf(x). In addition, we assume that D is represented by rK, where r is a debt
interest rate. Therefore we obtain

II=L{f(x)—rx—1} = Ln(x) (2)

We also assume that the extensive production function is of a Cobb-Douglas
type [4], i.e.,
fz) = Ax?, (3)

where A = 1.2278 and o = 0.1365 for 1,100 firms, all of which are listed
on the first section of the Tokyo stock exchange (TSE), and belong to the
manufacturing sector. The averaged value of the debt interest rate of these
firms is 7 = 0.00187. We use this value below.

Contours in the profit space are shown in Fig. 3. In this figure, the hor-
izontal axis corresponds to L and the vertical axis corresponds to K. The
thin solid lines represent the contours in the profit space, and each dot corre-
sponds to each firm. Each firm climbs the mountain of profit to maximize their
profit. It is reasonable to consider that an efficient firm adopts the direction
of a gradient vector:

o - (2101
0L’ 0K
Thus, a trace of the movement of the most efficient firm makes the steepest-
ascent line.
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Fig. 3. Contour plot of the profit space

In Fig. 3, the dashed lines correspond to the steepest-ascent lines. As we
can see, these steepest-ascent lines converge in a confluent line. We call this
confluent line a ridge. The ridge maximizes the length of the gradient vector
on the same contour. This is obtained as an extreme solution of

5 (VII)? = A1 = 1),

where ) is Lagrange’s unknown constant and Iy is another constant. This
equation is rewritten as “the ridge equation” [2]:

5 O 91T _ oIl
9¢;0q; Jq; q;’

(i=1,2), (4)

j=1,2

where (q1,¢2) = (L, K).
If we insert Eq. (2) and Eq. (3) into Eq. (4), we can obtain an eigenvalue

equation:
- T — am _5 T —xm
—z 1 m’ o i ’

where a prime represents a derivative with respect to x. Here, we define A=
LX/7". )

There are two solutions. One is xm — (22 + 1)7’ = 0 for A = 0, and the
other is 7 = 0 for A\ = 22 + 1. However the latter solution, i.e., m = 0, is
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Fig. 4. Distribution of z = K/L

trivial, because this means no profit. Thus, we are interested in the former
solution. If we solve the former equation, we can obtain x = 1.2597 = z;. This
is represented by the bold and solid lines in Fig. 3.

To clarify the difference between zy and x;, we consider a probability
distribution of x;. This distribution is shown in Fig. 4. In this figure, the bold
solid line corresponds to xy. In this figure, we can see that the peak of the
distribution and zy almost coincide. This means that almost all of the 1,100
firms listed on the first section of the TSE and belonging to the manufacturing
sector are managed efficiently.

4 Summary

The first part of this paper looks at networks in the economy, and the second
part of this paper is about the efficient behavior of firms in the production
space. In the first part of this paper, we considered networks of the economy
as a multigraph, and treated the multigraph as a weighted network. We clar-
ified some of the characteristics of the networks in some industry sectors by
calculating various network indices. There are two interesting observations:
the clustering pattern depends strongly on the sector, and the degree and the
betweenness centrality correlate strongly and have approximately the relation,
b x k2.

In the second part of this paper, we considered the dynamics of firms in
the production space. These dynamics are evaluated on the basis of a firm’s
capital, K, labor, L, and profit, IT, and II is a function of K and L. This space
is called the mountain of the profit. Firms climb this mountain to maximize
their profit by control of K and L. Thus, the trace of movement of firms makes
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the steepest-ascent line, and each steepest-ascent line converges to a confluent
line, i.e., the ridge xy. Hence, to be efficient, firms must climb the mountain
along the ridge. By comparing the distribution of x; and zy, we found that
almost all of the 1,100 firms listed on the first section of the TSE and belonging
to the manufacturing sector are managed efficiently.

Acknowledgement. The author would like to thank Hideaki Aoyama, Yoshi Fu-
jiwara, Yuichi Ikeda, Hiroshi Iyetomi, Hiroyasu Inoue, and Schumpeter Tamada for
their useful contributions.
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Summary. A first analysis of the Italian system of banks and firms was carried
out using an approach based on network theory. The emerging architecture of this
economic network shows peculiar behaviors. Big banks are creditors of many firms;
among these, big firms are financed by several banks. On the contrary, small firms
are preferentially financed by small banks, covering very often the entire credit they
need.

1 Introduction

A complete understanding of the architecture of credit relationships in eco-
nomic systems is of primary importance. The problem of the economic sta-
bility in fact is strongly related to the underlying structure of credit/debt
relationships among its components: this structure plays a crucial role in the
exposure to risk of avalanche failures and domino effects in systems character-
ized by credit relationships [1]. In general three kinds of credit relationships
can be identified: commercial credit among firms, financial credit from banks
to firms and inter-bank credit. In the following we focus on the second type
of credit relationships. The presence of credit/debt relationship allows us to
define a network of credit where nodes are the economic agents (banks and
firms) and the links are credit relationships.

The firms behave very differently from each other. Some firms obtain credit
just from one bank, others have loans from many banks (multiple relation-
ships). Given the relevance of the problem, a recent literature focuses on this
topic [2—4].

In literature the main questions are: What determines the number of bank
relationships? What kind of firms prefer multiple links? Why do they prefer
multiple relations? Is there an “optimal” number of bank relationships?

In this paper we provide a first analysis of the Italian data of credit re-
lationships between banks and firms using networks tools. This paper differs
from previous studies not merely for the method used, but because the net-
work analysis allows to obtain information on the structure of relationships
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and in particular in the architecture of second order or higher. While standard
econometric analysis are useful to detect correlations among different features
of banks and firms, they do not allow to study the topology of the underlying
architecture of bank-credit relationships. Nevertheless the structure of rela-
tionships plays a crucial role in bankruptcy diffusion. We organize the paper
in the following way

Sect. 1: introduction

Sect. 2: an overview of the problem of multiple relationships in literature
Sect. 2.1: the specific case of Italy

Sect. 3: description of dataset

Sect. 4: network approach

Sect. 5: networks of Italian banks and firms: statistical characterization
Sect. 6: network of cofinancing banks

Sect. 7: discussion and conclusions

2 Multiple vs Single Bank Relationships

In recent years, the exploration of the structure of credit relationships among
banks and firms has acquired increasing importance [5]. In fact the possibility
to obtain big storage of data allows to study the credit relationships of a large
set of firms with banks in different countries [3].

The study of single-multiple relationships has been carried out for many
countries, as Germany [6], Japan [2], Portugal [7]. The number of bank-
relationships strongly depends on the kind and the size of sample under study.
A comparison among different countries shows that Italy represents an ex-
treme case with an average of 15.5 banks per firm, maintaining four more
bank relationships per firm than the country with the second highest number
of relationships, Portugal (11.5 banks per firm). Only 2.9% of Italian firms
has single bank relationship; At least 95% of firms in Portugal, Spain, France,
Belgium, Greece, the Czech Republic and Finland maintain a relationship
with more than one bank: on average they have 8 banks per firm. In UK
the average number of banks is 2.6 and 25% of firms maintain only one bank
relationship [3].

In some countries, such as in Japan and Germany, among all the banks,
a firm is particularly influenced by a certain bank (the inside bank), when the
bank maintains a share of the capital of that firm. In these cases the inside
bank has a better access to information (monopolistic information [2]) on the
actual financial condition of the firm.

The main aspects playing a role on the multiple credit relationships has
been investigated in a very recent paper by Ogawa et al. [2]. The theory of
the optimal number of banks relationships is a very complex field of research
given the high number of advantages and disadvantages in the choice both of
single relationship and multiple relationships. On the firm side, the existence of



Debt-credit Economic Networks of Banks and Firms: the Italian Case 161

a single bank relationship is based on the minimization of costs of transactions
and monitoring; on the contrary, firms can try benefit in a competing market
of banks: this implies a growth of number of relationships. Multiple bank
configuration guarantees the firm against liquidation risk: among many banks,
at least one will be able to face a premature liquidation. From the bank side,
a bank prefers to finance firms having multiple bank relationships in order to
pool the risk of failure of the firm. On the other hand, single linkage gives
a bigger control to the bank on the financial choices of the firm.

From a theoretical point of view, in recent years the development of infor-
mation theory has renewed the interest to borrowing relationships, as an exam-
ple of mechanism of informational asymmetry between creditor and debtor.
The amount of information plays a crucial role in the competition among
banks to provide loans to firms. Among banks, there are two kinds of compe-
titions: the first one is on the market of credit and is driven by the interest
rate, the second one is among banks financing firms [8].

There is some evidences, in particular related to the system of Portuguese
firms-banks, that some firms start with a single relationship and after some
time it switch to multiple links in conditions of growth opportunities, more
banks debt and less liquidity [7].

2.1 The Italian Case

We have already observed that, among European countries, Italy has the
biggest average number of banks relationships per firm. The multiple bank
relationships became more relevant in Italy in the 50s [9]. In fact after the
second world war Italian firms were able to finance themeselves: therefore the
interaction among banks and firms was very small. In the 70s the worsening
of financial conditions of Italian firms induced entrepreneurs to ask for credit
to the banks. In these years the multiple bank relationships emerged. On the
one hand this implied that a firm received credit from more than one bank,
on the other hand that implied that a good knowledge of the real economic
conditions of firm was not easily available to banks. In many cases credit was
provided also for personal trust reasons, without a deep investigation on the
actual financial condition of the firm [9)].

Detragiache et al. studied data of medium-small size Italian manufacturing
firms (firms with less than 500 employees). In 1994, 89% of Italian firms have
multiple links; the median number of relationship is 5 and the 75th percentile
is 8 [4]. The phenomenon of multiple linking is more striking also respect to
U.S.. Pagano et al. studied a sample of the biggest 2181 Italian companies
from 1982 to 1992 (companies with shareholder’s equity bigger than 5 billion
lire) and refer that the mean number of relationships is 13.9 and the median
of the number of banks is 12 [10].

While it is quite clear why big firms have multiple links, it is not clear why
small firm have multiple links [8].
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3 Data Set

In this work we analyze a subset of the AIDA database [11]. We study data
regarding Italy. This set contains information on the largest 170,000 Italian
societies from 1992. We have detailed information on the characteristics of
each firm, as the total net worth, the total asset, the solvency ratio, the
number of workers, the added value. Moreover we know the identity of banks
financing each firm. This allows us to study how the number of relationships
varies for firms of different size. We merge this dataset with another one
derived from Bank of Italy classification of the whole set of Italian banks in 5
groups [12]: large banks, medium banks, small banks, cooperative credit banks
and rural banks. In this way we can identify the attributes of the banks lending
to each individual firm and to detect different behavior of banks of different
sizes. In the analysis of this second database we had to take in consideration
phenomenon of mergers and acquisition of banks in the years of the sample
(this is a relevant phenomenon in Italy, due to the necessity of competitiveness
in international markets. For instance the number of banks passed from 1073
to 814 from 1992 to 2002). The Bank of Ttaly provides a classification of Italian
banks in 5 categories:

larger banks have funds of more than 45 billion Euros
large banks between 20 and 45

medium between 7 and 20

small between 1 and 7

the remaining banks are minor banks.

Our sample is composed by 11 larger banks, 11 large banks, 34 medium
banks, 125 small banks and 307 smaller banks. In this paper we focus on
credit relationships of Italian firms with Italian banks in the year 2004. The
set is composed by 55005 contracts among 488 Italian banks and 33468 Italian
firms. The study of the evolution of the structure of the credit network will
appear in another paper [13].

We distinguish firms following the ISTAT classification [14]: in 2004 the
Italian firms were 4.1 million: the 95% micro, 4.5% small, 0.5% medium. In
our sample 29% are micro, 40% small, 23% medium, 7% large [15]. In this
sense our sample privileges the analysis of big firms and does not consider
small firms and small banks.

Unfortunately we do not have access to the amount, the rate and the
duration of credit, but this dataset is more extended than others studied in
the literature.

4 The Network Representation

We represent this system as a network, in order to use an approach based on
the graph theory to analyze the complex structure of credit relationships in
the Italian economic system.
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A network is defined as a set of nodes and links. It is mathematically
represented as a graph. In recent years a big development of the complex net-
works theory has been observed. Many real systems have been represented as
networks. This kind of approach allows to get insights into the architecture
of complex systems composed by many objects, linked to each other in a non
trivial way [16,17]. Most of them show peculiar scaling properties. In partic-
ular many networks are scale-free, that means that the degree distribution is
power-law tailed. Applications of network theory in economics can be useful in
order to consider explicitly the relations among economic agents [18]. Many
empirical analysis of economic systems have be done using networks tools:
main examples are the applications to world trade web [19, 20], interbank
market [21], stock market [22], e-commerce [23].

In our particular case the nodes are banks and firms [27]. The links repre-
sent the credit relationships among them. These kinds of networks, composed
by two kinds of nodes, are called “bipartite networks”.

Moreover we can extract two networks from the overall network, each one
composed by just one kind of node: this method is called one-mode reduction
and the two networks “projected networks”, in the sense that they are obtained
as a projection of the initial graph in the subspace composed by only one kind
of node.

A network is represented from a mathematical point of view by an adja-
cency matrix. The element of the adjacency matrix a;; indicates that a a link
exists between nodes i and j, that is a;; = 1 if the bank 7 provides a loan to
the firm j; otherwise a;; = 0.

The degree of a node 7 is the number of links outgoing from it and is

calculated by
k’i = Z (2%} (1)
J

The assortativity is a measure of similarity among nodes and it is defined
as

knn(i):% > k. (2)
(

L jev(i)
The clustering coefficient ¢; is a measure of the density of connections around
a vertex and is defined as

2
c; = m zh: aijaihajh. (3)
75

Hence, the clustering coefficient allows to calculate the proportions of the near-
est neighbors of a node that are linked to each other. The average clustering

coefficient,
1
C = ]_V El C;
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expresses the statistical level of cohesiveness measuring the global density of
interconnected vertex triplets in the network.

In a graph, the distance between two vertices is defined as the length of
the shortest path joining them. In a connected graph the average distance
is the average over all distances. If the graph is not connected, the average
distance is defined as the average among all distances for pairs both belonging
to the same connected component. The diameter of a graph is given by the
maximum of all distances between pairs.

Many tentative of studies have been done in the field of bipartite graphs [24—
26]. While we can apply the above measures in networks where all nodes are
of the same kind, in bipartite networks some of these measures can not be
applied, because of the different nature of the nodes. Therefore the main sta-
tistical quantities under study are degree distribution of each of the two kinds
of nodes and correlations among the degree of the two kinds of nodes. A mea-
sure of connectedness in bipartite networks is given by the density of cycles
of size 4 surrounding a node [28].

In the case of projected networks, the quantities under study are degree
distribution, clustering coefficient, assortativity, betweenness centrality, diam-
eter [24].

In the following we apply these tools to our network.

5 Total Network

We denote firms with the index ; and banks with the index ;.

By definition each bank is linked just with firms and each firm is linked
just with banks.

To represent the network, we should decide on a criterium because the
whole network is too big to be represented. Therefore we select the firms with
degree equal or higher than 4 and we plot all their links: the resulting network
is composed by 28 firms and 43 banks with 146 links (see Fig. 1). Firms are the
black dots. Banks are colored, using the Bank of Italy classification: red nodes
are larger banks, orange large banks, yellow medium banks, green small banks,
blue smaller banks. We can observe the single firms are connected to banks
of different colors, that is belonging to different classes of bank size, ranging
from larger banks to smaller banks. We can understand that this system is
neither assortative nor disassortative: the most connected firms are connected
both with slightly connected banks (small banks) and with highly connected
banks (large banks). A more complex structure emerges, which we will study
further on. There is therefore a differentiation in borrowing relationships, as
emerges from the heterogeneity of size (color) of the banks providing loans
to the same firm (as we will prove quantitatively below). Moreover, even if
we will observe that on average small banks have less connections than big
banks, there are sensible fluctuations: in particular there are small banks with
an high number of contracts: presumably small banks imitate large banks and,
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Fig. 1. Visualization of a part of the network of banks and firms (2004).

not having a wide system of rating, they finance some firms, just trusting big
banks or the same firm reputation [9)].

In Fig. 2 is plotted the distribution of degree for banks and firms for the
year 2004.

The largest ky is 3336, whereas the largest ky is 8. Only one firm receives
credit from 8 banks; only two receive credit from 6 banks. The behavior of
banks is more heterogeneous than that of firms: in fact the degree ranges
in three orders of magnitude from 1 to 3336. We observe a fat-tailed degree
distribution of the degree of the banks.

In Fig. 3 left panel, we plot the average degree of banks for each group.
Remembering that group 1 corresponds to larger banks and group 4 to small

10° T T T 10°

10!

E 1t N

distribution

1073

mulative distributi
-

cumulative

Z107°F

103 L . L
10° 10! 10? 10* 104 10° 10!
k k

Fig. 2. Frequency distribution banks degree k; and firms degree k.
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banks, we notice that large banks have a bigger number of credit relationships,
as we can observe in Fig. 3.

In the right panel of Fig. 3, we calculate for each group of banks the average
capital of firms financed by banks of that group. We observe that big banks
finance most of all large firms and small banks fund small firms. This can be
explained considering that small firms find financing banks on the basis of
personal trust.

In general large firms receive credit from many large banks: large banks
prefer to differentiate the risk of financing just a fraction of the total credit
requested by the firm. On the contrary small firms are financed by local banks
and often by just one bank. Moreover, firms with multiple linkages have re-
lationships with banks of different kinds: big banks and small banks. In fact
firms with multiple linkages are in general big firms, considered more stable:
therefore small banks finance them, even if they do not have done a rating
investigation, just trusting the firms and the big banks financing them (the
stability of the firm is considered already ascertained by the rating office of
big banks). Small firms have difficulty to be financed and they are normally
financed by small local banks.

Therefore, as an effect of average, the average degree of financing banks
seems to not depend on the degree of the firm. This network is neither as-
sortative nor disassortative: simple measures of scaling of the average degree
of the neighbors of nodes vs their degree (commonly called degree-mixing) is
not useful to understand the structure: in fact firms with a high degree have
neighbors with such a heterogeneous degree that the average is not repre-
sentative: in the left panel of Fig. 4 we observe a flat scaling of the average
degree of financing banks versus financed firm degree k. This is just an effect

10" T T T T T T T T T 3

102 ¢

bank degree
average capital of firm

10'F

A

U.‘ﬁ ; 1‘.5 .‘2 2‘.5 '15 3‘.5 ‘l 4‘5 5 "o ; ’_" Ill l 5

bank group group of bank
Fig. 3. Left Panel: Average degree of banks belonging to each group, following the
Bank of Italy classification (group 1: larger banks, group 2: large banks; group 3:
medium banks, group 4: small banks). We observe that the degree of banks is pos-
itively correlated to the size of the bank. Right panel: the average size of financed
firms for each group of banks. Small banks tend to finance small firms and large
firms tend to finance large banks.
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Fig. 4. Left panel: average degree of banks financed by firms with degree k (left);
right panel: average density of loops of size 4 vs degree.

of average on the highly heterogenous degree of financing banks. In multiple
relationships a firm can differentiate the kind of banks to ask for credit, ob-
taining loans from banks of different kinds (larger banks and minor banks, for
example). The correlation between the degree of firm with the degree of its
neighbors is indeed very low (0.1!).

Considering firms with degree equal to or greater than 3 (a sample of 543
firms), the average number of links with banks of groups from 1 to 5 is: 1.9; 0.8;
0.1; 0.7; 1.1. A big role is played by very small banks, financing presumably
small firms. For instance, if a firm has at least one relationships with banks
of group 1, it has on average a number of links with each of the other groups
equal to: 0.8,0.1,0.06, 1.0.

In bipartite graphs, the clustering coefficient is 0: therefore we focus on
the presence of loops of size 4 [28]. This measure allows to have infomation
about the presence of banks financing the same firms. In the rigth panel of
Fig. 4 we plot the scaling of the average density of loops of size 4 vs degree:
banks with low degree (small banks) have more common firms to fund.

6 Co-financing Banks Network

In the study of bipartite graph a very widely used approach is to study sepa-
rately two networks that can be defined from the original network. If we call
the two kinds of nodes as nodes A and B, we can study the network G4 p
which has the total set of nodes (A + B) or the networks G4 and G which
have only nodes of kind A or B respectively [29,30].

In our case we can define the network of banks and the network of firms.
The first is the network of cofinancing banks: two banks are linked if they
finance the same firm. The second is the network of co-financed firms, that is
two firms are connected if they are financed by the same bank. The network
of firms is highly disconnected; therefore we focus just on the bank network.
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This kind of approach allows to identify common characteristics (if they
exist) among banks linked with the same firm.

The bank network is composed by Italian banks and total undirected links.

In the projection process, we lose some information related to how many
firms finance in common two banks. In fact two banks have a link both if
they have only one firm in common and more than one. To maintain this
information we define a weighted network: the weight associated to the link
between two banks is the number of common firms they finance.

In Fig. 5 the network of cofinancing banks is visualized, using the Kamada-
Kaway algorithm: this algorithm, based on a mechanism of relaxation of a set
of coupled harmonic oscillators, allows to detect visually the presence of groups
of banks more connected to each other than to the rest of banks: this algorithm
in fact put nodes of the same group near to each other in the 2-dimensional
space. We observe the presence of three communities. Each community is
composed by banks of different size. Further analysis will focus on components
of these communities. Disconnected nodes are banks that are reported for just
one firm in our dataset. We notice that heterogeneous banks (banks of different
sizes) are connected, meaning that banks of different sizes finance the same
firm.

In the bank network the average degree is 5.7, while the average cluster-
ing coefficient is 0.3. The distributions of the degree and of the weights are

N

b
‘. (//

A

Fajek

Fig. 5. Graph representation of the one-mode reduction network on the subspace of
banks. The convention for the use of colors is the same given above. Contact authors
for color figures.
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Fig. 6. Banks net: degree distribution and degree correlation.

plotted in the Fig. 6. Both of them are fat-tailed distributions, reproducing
the heterogeneous behavior of banks.

7 Discussion and Conclusions

In this paper we have analyzed the credit relationships between firms and
banks in Italy.

We observe that small banks have a smaller number of contracts and large
banks a big number of contracts. Moreover big firms tend to receive loans
from big banks but also from some small banks; on the contrary, small firms
receives loans from small (local) banks. In general big firms prefer multiple
relationships, while small firms tend to a single relationship. This can be ex-
plained considering the exposure to risk: in fact the firms with single linkage
are in general less solvent [13]. How do the different features of firms influence
the topological characteristics of the networks is object of study of a second
paper [13]. In multiple relationships, the heterogeneity between banks cofi-
nancing the same firm emerges.

The topology of the underlying credit network plays a crucial role in
bankruptcy diffusion. Further analysis will focus on domino effects of failures
in the observed topologies of networks [31].

It should be interesting to study the relationship between rate and firm per-
formance indicators (as solvency, added value). Moreover information about
the geographical location of firms and banks would allow to study contracts
based on personal trust toward debtors.

A comparison between the network structure of bank-firm credit networks
of many countries may permit to understand how different institutional rules
produce different emerging structures [32, 33].
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Scientific collaboration network gives a nice description for communications
among scientists. In order to show the status of the research in Econophysics,
we have collected papers in Econophysics and constructed a network of scien-
tific communication to integrate idea transportation among econophysicists by
collaboration, citation and personal discussion. Inspired by scientific collabo-
ration networks, especially our empirical analysis of econophysicists network,
an evolutionary model for weighted networks is proposed. The model shows
the scale-free phenomena in degree and vertex weight distribution. The results
of short term evolution are consistent well qualitatively with the empirical re-
sults.

1 Introduction

Now the scientific collaboration networks(SCN) is of general interest for under-
standing the topological of complex networks. Several fields of collaboration
networks are investigated in recent years, for example, biomedical, theoreti-
cal physics, high-energy physics and computer science [1,2], mathematics and
neuro-science [3,4], condensed matter physics [5] and so on.

Econophysics is a new field developed recently by the cooperation between
economists, mathematicians and physicists. More and more researchers in
finance take up statistical physics to explore the dynamical and statistical
properties of financial data, including time series of stock prices, exchange
rate, size of organizations and so on. And also more and more physicists from
statistical physics and complexity turn to working in finance, as an important
and copies research subject. It is interesting to investigate the corresponding
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research development in this new born scientific research field, to know the
work status and to understand the idea transportation among scientists.

In scientific collaboration networks, there are more than one level interac-
tions on a link, such as collaboration, citation and personal discussion. They
are the ways of idea transportation but with different contributions. When
we analyze this transportation as a whole, we have to use different weights to
measure these different contributions. Also, even for the same level interac-
tion, such as collaboration, not only the existence of connection but the times
of collaboration is valuable information. So to fully characterize the interac-
tions in real networks, link weight, which integrating the information of times
and levels, should be taken into account.

Actually, how to assign the weight into link and how will it evolve are the
key problems both for empirical and modeling analysis. The way to measure
the weight for weighted networks has been introduced differently by some
authors, such as the number of flights or seats between any two cities in airport
networks [5-7], the reaction rate in metabolic networks [8], the happening
number of the event in scientific collaboration networks [2,5] and so on. In
the work of modeling weighted networks, there are also several ways to assign
weight to link. Some previous approaches have transferred some quantities
from non-weighted networks into the weight of links [9, 10]. In some models,
weights on links are generated from some a priori distribution [11-13]. The link
weight in above models does not change with the evolution of the networks.
Some other models [14-17] couple the link weight with network evolution. But
all of them require some extra mechanism for the evolution of link weights.

Our empirical investigation on SCN try to integrate different kinds and
different strength of interactions into account. It also gives us some hints on
modeling weighted scientific collaboration networks. As we mentioned before,
link weight in collaboration networks is usually related closely to the number
of connections. In our model, we keep the relationship between weight and
the number of connections. Only the quantities directly rooted in networks
are used. So the picture of the evolution looks like the number of connections
evolves according to weight, and then the new connection number comes into
the weight, which drives the evolution of the network again. Another im-
portant improvement of our model is the introduction of distance-dependent
preferential attachment(DDPA), i.e., the ¢ term in our model. It is helpful to
increase the clustering coefficient of networks. The DDPA mechanism requires
only the information about the local structure but it improves the situation
about clustering coeflicient obviously. Furthermore, the models constructed in
this way do not require any extra dynamical process of weight.

2 Empirical Networks and Statistical Results

Concentrating on main topics of Econophysics, we have collected papers
from the three web sites listed below. (1) Econophysics home page at
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http://www.econophysics.org. (2)Econophysics at Physica A at http://www.
elsevier.com/locate.econophys. (3) ISI at http://isi.knowlege.com. We col-
lected publish information of papers published from 1992 to 7/30/2004, in-
cluding 808 papers and totally 819 authors. We believe that many papers in
Econophysics are not collected into this database for some reasons.

Based on the data set, we extracted the times of three relations between
every two scientists to form a file of data recorded as ‘S; S; = y z’, which
means author S has collaborated with author S ‘x’ times, cited ‘y’ times of
S’ papers and thanked S ‘2z’ times in all S;’s acknowledgements. One can
regard this record as data of three different networks, but from the idea of
transportation and development of this field, it’s better to integrate all these
relations into a single one by the weight of connection. Here we have to mention
that in order to keep our data set closed, we only count the cited papers
collected by our data set and just select the people in acknowledgements
which are authors in our data set. We convert the times to weight by

Wij = Zwétjv (1)
I

in which g can only take a value from 1,2,3. So wfj is one of the three
relationships—coauthor, citation or acknowledgement and is defined as
wz‘-‘j = tanh (aMTi‘;) , (2)

where TZ‘]‘ is the time of u relationship between ¢ and j.

We suppose that the weight should not increase linearly, and it must reach
a limitation when the times exceeds some value. So we use tanh function to
describe this nonlinear effect. We also assume that the contributions to the
weight from these three relations are different and they can be represented by
the different values of a,. 0.7,0.2,0.1 are used for o, a2, a3 in this paper.

The similarity is used here as the weight, after the network has been con-
structed, it is converted into dissimilarity weight as

It’s timed by 3 because the similarity weight w;; € [0,3]. Hence we have
W;j € [1,00], and it is corresponding to the "distance" between vertices. All
quantities are calculated under dissimilarity weight if not mentioned.

Since this scientists network is directed, we have three definitions of degree:
out degree, in degree and total degree. And also three ones for vertex weight.
Figure 1 shows all these distributions. In addition, We have defined another
interesting quantity - weight per degree, which is the quotient of weight and
degree. It also has three value, in, out and total. Figure 2 shows the dis-
tribution of total one. Weight per degree is one of the inherent variables of
vertex. It has some relations with the working style of scientists. Preferring
to cooperate widely not deeply may lead to large weight per degree, while for



176 M. Li, J. Wu, Y. Fan, Z. Di

g, —m— Total Degree —a—Total _Weight
'\'-'\.. —e—In Degree 1000 b =0 —eo—In Welght
100 g Out Degree Out Weight

2 10} ®
a =
e 10t '
1 | 1
L — §
1 1 1 1 1 1 1 1 1
1 10 100 1000 1 10 100 1000
(a) Rank of Vertex-Empirical (b) Rank of Vertex-Empirical

Fig. 1. Zipf plot of degree (a) and vertex weight (b) distribution.

250

200
€
3 150
o
>
% 100F H, E. Stanley
% 501 }}ﬁ\)ﬁ.-o Zhang
C CEAY. L'

of e N

0 5 10 15 20 25 30 35
Total Weight per Degree

Fig. 2. Distribution of weight per degree.

other scientists maybe wish to cooperate with few people but more deeply
and this result in small weight per degree. Maybe this quantity can be used
as a measure of the working style of a scientist(see details in papers [18]).
Other important geometrical quantities for the network are the vertex and
link betweenness [19]. Here in Fig. 3, we give vertex betweenness and link
betweenness distributions. Betweenness describes the relative importance of
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Fig. 3. Zipf plot of vertex (a) and link (b) betweenness distribution.
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a vertex or link in the communication in the network. A great betweenness
implies it is a key point for global communication.

Besides above quantities, community structure is also an important prop-
erties of networks. It can give us deeper understanding to the properties of
network. Here we take the largest connected group of Econophysicists co-
authorship network(neglecting citation and acknowledgement) as our research
subject. It includes 271 nodes and 371 edges. After analyzing the econophysi-
cists collaboration network by GN algorithm [19] based on above definition
of link weight, we draw the community structure of Econophysicists network
(as shown in Fig. 4). The best division of GN algorithm shows that the scien-
tists, who are in the same university, institute or interested in similar research
topic, are clustered to one community. For example, in Fig. 4, members of no.
1 community are most from Boston University, USA. The members of no. 2
community are most Tokyo, Japan. Members of no. 4 community are mainly
from the University of Southern California and the University of California at
Los Angeles. There are also other communities which members are interested
in the same topic, as no. 9 community whose members from different areas
but focus on financial market(see details in paper [20]).

Fig. 4. Community structure of Econophysicists co-authorship network.

3 Models and Theoretical Analysis

3.1 The Model

An N-vertex weighted network is defined by an N x N matrix W. Its element
wj; represents the weight on link from vertex ¢ to j. “Similarity weight" is used
here. So the larger is the weight, the closer is the relation between the two
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end vertices. Suppose the link weight w;; is related to the connection number
T;; between vertex ¢ and j by

wij = f(Ti)- (4)
Our model is given as follow. Starting from a fully connected network
with no vertices and initial connecting times T;; = 1 (then initial weight

w;j = f (1)), at every time step,

1. One new vertex is added into this network, and [ old vertices are randomly
chosen from the existing network.

2. Every one (denoted as vertex n) of these 141 vertices can initially activate
a temptation to build up m connections. The probability for link from n
connecting onto vertex ¢ is given by

k; w; Ini

Zj k; Zj wy - 623‘663 Inj ’ )
where k; is the degree of vertex i, w; = ; Wi is the “onto” vertex weight
or the strength of vertex i, l,,; is the similar distance from n to i. If n and
i is connected, l,;=w, ;. If n and i is connected by two links (with weight
wns and wg; respectively), i = Wnsws;i/(Wns + ws;). OF is the set of all
n’s neighbors to the dth nearest.

3. After we get an end vertex i* chosen from all vertices over the existing
network by the probability above in Eq. (5), the connecting times between
vertex n and ¢* becomes

I, .; = (1 - p)

+(p—9)

Tri= (t +1) = Ty (t) + 1. (6)
4. The link weight changes as
Wni+ (t+1) = f(Tni= (t+1)). (7)

The model defined above can be applied to undirected and directed networks.
The expanded directed network model for the comparison with empirical re-
sults is given in Sect. 4. In the following analysis we assume that w;; = wj;
and the linear function is used for the relationship between connecting times
and weight for the simplicity,

Wiy = aTij. (8)

3.2 Analytic Results of the Weight Distribution

In this subsection, we focus on the behavior of the simplest pure weight-driven
model, that is p =1 and § = 0 in Eq. (5). For the link weight given by Eq. (8)
with a=1, the weight of vertex is given by w; = 3 i Tji So the connection
probability is
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Fig. 5. For a pure weight-driven model, analytical results of Eq. (11) are compared
with the computer simulations under different .

Zf;j (9)

The rate equation for the evolution of the average number of vertices with
weight w at time ¢ is

Hn—>i =

(w—1) - N(w—1,t) —w - N(w,t)
YW N(w,t
l-N(w,t) 1-N(w—m,t)
. 3 3 5w m
N i N +ou,
Here > w-N(w,t —1) =2-Ey+2-m-(1+1)-tis the total weight and
N = ng +t is the size of network at time ¢. When ¢ is larger(¢ > 1) enough,
we get the asymptotic distribution of vertex weight,

p(w) o< (w+2-1-m)>. (11)

N(w,t+1) = N(w,t) + m-(1+1) -
(10)

Comparison of the analytical results of Eq. (11) with computer simulations,
Fig. 5 shows that they are very consistent with each other. We can find that the
lower end of vertex weight is obviously affected by the parameter [, and departs
from a power-law, while the upper end is still distributed as a power-law. The
distribution of degree and link weight also obey power law. The correlation
of vertex weight and degree is nonlinear, namely w ~ k". When § # 0, the
clustering coefficient reaches a stable value after a period of evolution, which
is much larger than that of BA model (nearly 0), and even comparable with
empirical results(see details in paper [21]). All of above results are consistent
with the typical results from empirical studies qualitatively.

4 Extended Model and Comparison
with Empirical Results

In the real world, relations of vertices usually have multi-levels. Different level
relations usually have different contributions to link weight. For instance, in
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the empirical analysis of scientific collaboration network, we considered both
co-authorship and citation as the ways of scientific idea transportation with
different contributions, in which the citation is directed. So in order to compare
the results from our models with the empirical studies, we extend our model
to directed networks. There are two kinds of connecting times T;j , where
i = 1,2 refers to co-authorship and citation respectively. Here the relation
between connecting times and the link weight is given by a tanh function. So

the two TZ‘]‘ are converted into a single weight by

wij = %Ztanh (auT}), (12)
w

where w;; is normalized to 1. And the probability distribution to chose the
end vertex is consistently transformed as

W
I, .; = p# : )
o ; 25 W;

(13)

while > pt = 1. After vertex i* is chosen as the end vertex of a relation
between n and ¢* according to above probability distribution, the connecting
times evolves as
. (t+1) =T (t)+ 1. (14)
For p = 1, after that we need to set T2, (t+1) = T} (t+1). For pu = 2,
we skip this step. Then these two counts are integrated into the link weight
by definition Eq. (12). From the simulation results, we can find that the final
steady distributions of the total, in, and out degree and weight all obey power
law, especially for the upper end.
We compare the results of the model with empirical results from Econo-
physicists collaboration networks. The distribution of quantities numerical
simulations, such as degree, vertex weight(Fig. 6), vertex betweenness and

- —=— Total Degree — —u=— Total Weight

e —e—In Degree 1000F - S=Swrm —e— In Weight

100k Out Degree Out Weight
100

10

Degree
>
Weight

1 3 1 1 1 1 1 ’

1 10 100 1000 1 10 100 1000
(a) Rank of Vertex-Model (b) Rank of Vertex-Model

Fig. 6. Zipf plot of degree (a) and vertex weight (b). The parameters are ng =
10,m=>5,1=1,p' =0.2,p> =0.8,a' =0.7,0* = 0.3, N = 819.
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Fig. 7. Zipf plot of vertex betweenness (a) and link betweenness (b) for empirical
studies and simulations.

link betweenness(Fig. 7) are consistent well with that of Econophysicists net-
works(Fig. 1 and Fig. 3) qualitatively. It seems that the model reveals some
basic mechanisms of the evolution of collaboration network.

5 Conclusions

In summary, we have constructed a small network by collecting papers in
Econophysics. A new definition of weight and some fundamental properties
are analyzed. The idea to integrate networks with multilevel interactions and
different strength may be helpful for further studies on weighted networks.

Inspired by scientific collaboration networks, a simple evolutionary model
for weighted network is presented. A natural way for link weight evolution is
introduced. The number of connections between any two vertices is converted
to the link weight. So the link weight evolves naturally with the growth of
networks and then drives the evolution of network again. The model shows
a good consistence with empirical results of Econophysicists collaboration net-
work. This reveals that the model has captured some basic mechanisms for
the evolution of scientific collaboration networks.

The work is partially supported by 985 project and NSFC under the grant
Nos. 70431002 and 70471080.
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1 The Surge In Wage Income Nouveaux Riches
in the U.S., 1961-2003

Angle (2006) shows that the macro model of the Inequality Process provides
a parsimonious fit to the U.S. wage income distribution conditioned on educa-
tion, 1961-2001. Such a model should also account for all time-series of scalar
statistics of annual wage income. The present paper examines one such time-
series, the relative frequency of large wage incomes 1961-2003. Figure 1 shows
an aspect of this kind of statistic: the larger the wage income, the greater the
proportional increase in its relative frequency. The phenomenon that Fig. 1
shows, a surge in wage income nouveaux riches, has caused some alarm and
given rise to fanciful theories. The present paper shows that the macro model
of the Inequality Process (IP) accounts for this phenomenon. In fact, it is sim-
ply an aspect of the way wage income distributions change when their mean
and all their percentiles increase, which they do simultaneously, i.e., it is good
news for a much larger population than the nouveaux riches alone. Never-
theless, many economists and sociologists have interpreted the surge in wage
income nouveaux riches' as an alarming bifurcation of the U.S. wage income
distribution into two distributions, one poor, the other rich, a ‘hollowed out’

! The term nouveaux riches perhaps brings to mind the new wealth of entrepreneurs
most of whose income is from tangible assets. Nouveaux riches is used here only
to name the earners of wage income who have begun to earn a wage income much
larger than the average.
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distribution. Fear of the ‘hollowing out’ of the U.S. wage income distribution
has not only roiled academia but has resulted in alarmed press reports and
even become an issue in the 2004 U.S. presidential campaign.

The present paper shows that an increase in mean wage income decreases
the relative frequency of wage incomes smaller than the mean and increases
the relative frequency of wage incomes greater than the mean. Distance from
the mean of a particular wage income, call it zg, is a factor in how fast
the relative frequency of wage incomes of that size change. For zy’s greater
than the mean, the greater x(, the greater the proportional growth in its
relative frequency. There is an analogous and compensating decrease in the
relative frequency of wage incomes smaller than the mean. The IP’s macro
model implies that the wage income distribution stretches to the right when
the unconditional mean of wage income increases, explaining both the surge
in wage income nouveaux riches and the fact that the bigger wage income
percentile has grown more than the smaller wage income percentile. Data
on U.S. wage incomes 1961-2003 confirm the implications of the IP’s macro
model.

The data on which this paper is based are the pooled cross-sectional time
series formed from ‘public use samples’ of the records of individual respondents
to the March Current Population Surveys (CPS) 1962-2004. The March CPS
is a survey of a large sample of U.S. households conducted by the U.S. Bureau
of the Census.?2 Each March CPS asks questions about the level of education
of members of the household and their sources of income in the previous
calendar year. The study population is U.S. residents with at least $1 (one
U.S. dollar) in annual wage income who are at least 25 years old. All dollar
amounts in this paper are in terms of constant 2003 dollars, i.e., adjusted
for changes in the purchasing power of a dollar from 1961 through 2003. See
Appendix A.

Figure 1 illustrates one of two related ways to measure the surge in wage
income nouveaux riches in the U.S. 1961-2003. Figure 1 measures change in
the relative frequencies in the far right tail of the wage income distribution,
the distribution of wage income recipients over the largest wage incomes. This
dynamic of the distribution can be readily understood in terms of the alge-
bra of the macro model of the Inequality Process. The other way to measure
the surge is via change in percentiles of wage incomes (in constant dollars),
e.g., the 90th percentile. Figure 2 shows the 90th percentile of wage incomes
increasing more in constant dollars than the 10th percentile, a small wage

2 These data have been cleaned, documented and made readily accessible as a user-
friendly database by Unicon Research Corporation (2004), a public data reseller
supported by the (U.S.) National Institutes of Health. The author welcomes repli-
cation of tests of the Inequality Process either with the data used in this paper,
available at nominal cost from the Unicon Research Corporation, 111 University
Drive, East, Suite 209, College Station, Texas 77840, USA, or replication with
comparable data from additional countries.
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income. This second way of measuring the surge, as a stretching of the distri-
bution to the right, is implied by the IP’s macro model but requires numerical
integration to demonstrate.

The surge in wage income nouveaux riches in the U.S. 1961-2003 has been
a focus of concern in U.S. labor economics and sociology journals. A substan-
tial fraction of contributions to this literature have interpreted the surge as
part of the transformation of the U.S. wage income into a bimodal, U-shaped
distribution. See Fig. 3 for a caricature of this thesis and the ‘hollowing out’
literature itself (Kuttner, 1983; Thurow, 1984; Lawrence, 1984; Blackburn and
Bloom, 1985; Bradbury, 1986; Horrigan and Haugen, 1988; Coder, Rainwater,
and Smeeding, 1989; Levy and Michel, 1991; Duncan, Smeeding and Rodgers,
1993; Morris, Bernhardt, and Handcock, 1994; Wolfson, 1994; Esteban and
Ray, 1994; Jenkins, 1995; Beach, Chaykowski, and Slotsve, 1997; Wolfson,
1997; Burkhauser, Crews Cutts, Daly, and Jenkins, 1999; Esteban and Ray,
1999; Duclos, Esteban and Ray, 2004;). The emergence of a U-shaped wage
income distribution has been termed the ‘hollowing out’ or ‘polarization’ of
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the wage income distribution. A ‘hollowed out’ distribution has also been
called a ‘barbell distribution’. In a ‘hollowing out’ the relative frequency of
middling wage incomes decreases while the relative frequencies of small and
large wage incomes increase. The ‘hollowing out’ thesis explains the surge in
large wage incomes but it is burdened with having to hypothesize a surge
in small wage incomes as well. The U.S. labor economics and sociology lit-
eratures on wage income measure trends in terms of scalar statistics of wage
income, mostly the median plus the grab bag of statistics referred to under
the rubric ‘statistics of inequality’. Models of the dynamics of the distribution
are rare and never prominent in this literature. Thus, hypothesized dynamics
of the distribution have been used in this literature to explain trends in the
scalar statistics without confirmation of what the empirical distribution has
actually been doing. The rise of the thesis of the ‘hollowing out’ of the U.S.
wage income distribution requires either that researchers were unaware of how
the empirical distribution of wage incomes in the U.S. had changed, or, once
the ‘hollowing out’ interpretation of how the distribution had changed had
become established in the literature and popularized in the press, editors and

A Hollowing Out

”
I /
>
(8]
C
St
3
o
21
s Fig. 3. Caricature of the
-% | interpretation in the popular
E press of the transformation
I — After Hollowing Out | of the U.S. wage income
= ~ Before Hollowing Out x distribution into a bimodal,
‘barbell’ distribution in recent
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reviewers were unable to accept evidence to the contrary, i.e., the journals
that established the ‘hollowing out’ thesis could not correct their error.?

Figure 4 displays estimates of the U.S. wage income distribution from 1961
through 2003. It is clear that, indeed, its right tail thickened over these 43
years, i.e., the relative frequency of large wage incomes increased validating
half of the ‘hollowing out’ hypothesis. However, it is as clear in Fig. 4 that
the left tail of the distribution of wage incomes, the distribution of workers
over small wage incomes, thinned, that is, the relative frequency of small
wage incomes decreased. The ‘hollowing out’ thesis requires both to increase
simultaneously.

Figure 5 displays the forward differences between mean relative frequencies
of wage income between two ten year periods, 1961-1970 and 1994-2003. Ten
year means are taken to smooth the relative frequencies. Figure 5 shows that
the relative frequency of small wage incomes fell between these two periods
and larger wage incomes increased, just as an inspection of Fig. 4 would lead
one to believe.

2 The Micro- and Macro-Models
of the Inequality Process (IP)

The Inequality Process (IP) is a stochastic binary interacting particle system
derived from an old verbal theory of economic anthropology (Angle, 1983 to
2006). People are the particles. Wealth is the positive quantity transferred be-
tween particles. The theory from which the IP is derived is the ‘surplus theory
of social stratification’. It asserts that economic inequality among people orig-
inates in competition for surplus, societal net product. The IP literature dates
from (Angle, 1983). The IP is an abstraction of a mathematical model from

3 The author tried to correct this literature in terms familiar to its contributors
over a period of many years but, so far, has been unable to publish in any of the
journals responsible for popularizing the ‘hollowing out’ thesis.
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Gerhard Lenski’s (1966) speculative extension of the surplus theory to account
for the decrease in wealth inequality with techno-cultural evolution. Lenski
thought that more skilled workers could bargain for a larger share of what
they produce. Lux (2005) introduced econophysicists to the IP at Econophys-
Kolkata I and pointed out that the econophysics literature on wealth and
income distribution had replicated some of Angle’s earlier Inequality Process
findings.

The pair of transition equations of the Inequality Process (IP) for compe-
tition for wealth between two particles is called here the micro model of the
IP to distinguish the IP’s model of particle interactions, the micro-level, from
the model that approximates the solution of the micro model in terms of its
parameters, the distribution of wealth, the macro model.

2.1 The Micro-Model of the Inequality Process (IP)

Since the macro-model of the Inequality Process (IP) is derived from the IP’s
micro model, description of the former should begin with description of the
latter. Consider a population of particles in which particles have two charac-
teristics. Wealth is one such trait. Particle i’s wealth at time ¢ is denoted, x;;.
Wealth is a positive quantity that particles compete for pairwise in zero-sum
fashion, i.e., the sum of wealth of two particles after their encounter equals
the sum before their encounter. The other particle characteristic is the pro-
portion of wealth each loses when it loses an encounter. That proportion is the
particle’s parameter u. So, from the point of view of a particular particle, say
particle 7, the proportion of wealth it loses, if it loses, w;, is predetermined.
When it wins, what it wins is, from its point of view, a random amount of
wealth. Thus there is an asymmetry between gain and loss from the point of
view of particle 7. Long term each particle wins nearly 50% of its encounters.
Wealth is transferred, long term, to particles that lose less when they lose, the
robust losers.

Let particle i be in the class of particles that loses an w, fraction of
their wealth when they lose, i.e., w; = wy. In the IP’s meta-theory, Lenski’s
speculation, workers who are more skilled retain a larger proportion of the
wealth they produce. So smaller wy in the IP’s meta-theory represents the
more skilled worker. Worker skill is operationalized in tests of the IP, as is
usual in labor economics, by the worker’s level of education, a characteristic
readily measured in surveys. For tests of the IP on wage income data by
level of worker education, the IP’s population of particles is partitioned into
equivalence classes of its particles’ w, by the corresponding level of education,
so that the proportion formed by workers at the ¢th level of education of the
whole labor force, uy, (‘u’ to suggest ‘weight’), is the proportion formed by
the wy equivalence class of the population of particles. The wu,’s are estimated
from data and so are the wy’s by fitting the comparable statistic of the IP to
either micro-level data (the dynamics of individual wage incomes) or macro-
level data (the dynamics of wage income distributions). The IP’s meta-theory
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implies that estimated wy,’s should scale inversely with worker education level,
based on the assumption that the more educated worker is the more productive
worker. Nothing in the testing of this prediction forces this outcome. The
predicted outcome holds in U.S. data on wage incomes by level of education
as demonstrated in Angle (2006) for 1961-2001 and below for 1961-2003.
While there is no apparent reason why this finding should not generalize to all
industrial labor forces in market economies, the universality of the prediction
is not yet established. The IP is a highly constrained model. Its predictions
are readily falsified if not descriptive of the data.

The transition equations of the competitive encounter for wealth between
two particles in the Inequality Process’ (IP’s) micro model are:

Tip = Tie—1) + wodieTje—1) — Wi (1 — dit)Tii—1)
Tjt = Tji—1) — wWojditTje—1) + wyi(l — dig)Ti4-1) (1)

where z;;_1) is particle i’s wealth at time ¢ — 1,

4 — 1 with probability .5 at time ¢
“ 710 otherwise.

and,

wy; = proportion of wealth lost by particle ¢ when it loses (the subscript
indicates that particle ¢ has a parameter whose value is wy;; there is no impli-
cation that the wy, equivalence class of particles has only one member or that
necessarily wy; # wpj);

wp; = proportion of wealth lost by particle j when it loses.

Particles are randomly paired; a winner is chosen via a discrete 0,1 uniform
random variable; the loser gives up a fixed proportion of its wealth to the
winner. In words, the process is:

Randomly pair particles. One of these pairs is particle i and particle j.
A fair coin is tossed and called. If particle ¢ wins, it receives an wy share of
particle j’s wealth. If particle j wins, it receives an wy, share of particle i’s
wealth. The other particle encounters are analogous. Repeat.

The asymmetry of gain and loss is apparent in Fig. 6, the graph of for-
ward differences, x;; — x;;—1) against wealth, x;;,_1), resulting from (1). The
Inequality Process differs from the Saved Wealth Model, a modification of the
stochastic model of the Kinetic Theory of Gases that generates a gammoidal
stationary distribution discussed by Chakraborti, Chakrabarti (2000); Chat-
terjee, Chakrabarti, and Manna (2003); Patriarca, Chakraborti, and Kaski
(2004); Chatterjee, Chakrabarti, and Manna (2004); Chatterjee, Chakrabarti,
and Stinchcombe (2005); Chatterjee, Chakraborti, and Stinchcombe (2005);
Patriarca, Chakraborti, Kimmo, and Germano (2005). The following substi-
tution converts the Inequality Process into the Saved Wealth Model (apart
from the random w factor in Chatterjee et al, 2004 and subsequent papers):

diz — €5t
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Fig. 6. The scattergram of wealth changes in the population of particles from time
t — 1 to t plotted against wealth at time ¢ — 1.

where €;; is a continuous, uniform i.i.d random variate with support at

[0.0,1.0].

2.2 The Macro-Model of the Inequality Process (IP)

The macro model of the Inequality Process (IP) is a gamma probability den-
sity function (pdf), fy:(z), a model of the wage income, x, of workers at the
same level of education, the tth at time ¢. The macro model approximates the
stationary distribution of wealth of the IP’s micro model. The macro model
was developed in a chain of papers (Angle, 1993, 1996-2001, 2002b-2006). The
IP’s macro model in the wy equivalence class is:

oY

fur(x) = ﬁl)xo‘wfl exp(—Ayi) (2)

or in terms of the IP’s parameter in the wy, equivalence class:

U
X exp [— Inr (1 ;;w) + (1 _%2%) In(z) — (i;;:i) w} (3)

where:
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oy, = the shape parameter of the gamma pdf that approximates the distri-
bution of wealth, z, in the wy equivalence class, intended to model the wage
income distribution of workers at the ¥th level of education regardless of time;
Qlyy > 0
1—wy

Wy

~

Q) =

(4)

and:

Ayt = scale parameter of distribution of the gamma pdf that approximates
the distribution of wealth, x, in the wy equivalence class, intended to model
the wage income distribution of workers at level ¥ of education in a labor
force with a given unconditional mean of wage income and a given harmonic
mean of wy’s at time ¢;

)"l/Jt >0

(1—ww)(ujf+---+m+---+%%) (1—wy)

Wap

(5)

Ay & Het T G
where:

¢ = unconditional mean of wage income at time ¢

«; = harmonic mean of the wy’s at time ¢.
and y; and the uy;’s are exogenous and the sole source of change in a pop-
ulation of particles where ¥ w equivalence classes are distinguished. Conse-
quently, the dynamics of (2), the IP’s macro model, are exogenous, that is,
driven by the product (w:u:) and expressed as a scale transformation, i.e.,
via Ay¢. Figure 7 shows the shapes of a gamma probability density function
(pdf) for a fixed scale parameter and several values of the shape parameter,
oy Figure 7 shows that if the IP’s meta-theory is correct, more education,
operationalized as smaller w, earns a worker a place in a wage income distri-
bution with a larger av;, a more centralized distribution, whose mean, equal
to auy /Ay, is larger than that of the worker with less education.

A Family of Gamma PDF's with Constant Scale Parameter
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Comparison of Figs. 7, 8, and 9 show the consequences of change in the
gamma scale parameter on a gamma distribution holding the shape parame-
ters constant. A decrease in Ay stretches the mass of the pdf to the right over
larger x’s as in Fig. 8, increasing all percentiles of z. Compare Fig. 8 to Fig. 7.
In the IP, particles circulate randomly within the distribution of wealth of
their w, equivalence class, so an increase in j; of a magnitude sufficient to
increase the product (W) and decrease Ay; may not mean that each and
every particle in the wy, equivalence class increases its wealth, although all the
percentiles increase. w; is expected to decrease given a rising level of educa-
tion in the U.S. labor force. p¢, the unconditional mean of wage income, rose
irregularly in the U.S. in the last four decades of the 20th century.

If proportional increase in pu; offsets proportional decrease in w; then the
product (i) increases, Ay decreases, and the IP’s macro model implies that
wage income distribution is stretched to the right as in Fig. 8 with all per-
centiles of wage income increasing. However, if the product (W) decreases,
then Ay increases and the IP’s macro model predicts that the wage income
distribution is compressed to the left, that is, its mass is moved over smaller

A Family of Gamma PDF's with Constant Scale Parameter
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wage income amounts and its percentiles decrease as in Fig. 9 by comparison
to Figs. 7 and 8.

The product (WJpuy) is estimated in the fit of the IP’s macro model to the
43 distributions of wage income conditioned on education in the U.S. accord-
ing to the March CPS’ of 1962 through 2004, which collected data on wage
incomes in 1961 through 2003. Six levels of worker education level have been
distinguished. See Table 1. There are 43 X 6 = 258 partial distributions to be
fitted. Also fitted are 258 median wage incomes, one for each partial distri-
bution fitted. See Appendix B. Each partial distribution has fifteen relative
frequency bins, each $10,000 (in constant 2003 dollars) wide, e.g., $1-$10,000,
$10,001-$20,000, ete, for a total of 258 X 15 = 3,870 = (income), y (relative
frequency) pairs to be fitted by the IP’s macro model which has six degrees
of freedom, the six values of wy estimated. The fits are simultaneous. The
fitting criterion is the minimization of weighted squared error, i.e., nonlinear
least squares. The weight on each partial distribution in each year in the fit
is uy¢, the proportion of the labor force with ith level of education in that
year. A search is conducted over the parameter vector via a stochastic search
algorithm that is a variant of simulated annealing to find the six values that
minimize squared error. The squared correlation between the 3,870 observed
and expected relative frequencies is .917. Table 1 displays the estimated pa-
rameters and their bootstrapped standard errors. Note that the estimated w,’s
scale inversely with level of education as predicted by the IP’s meta-theory.
Figure 10 displays the IP macro model’s fit to the six partial distributions of
wage income by level of education in 1981.

Separately, 258 gamma pdfs, each with two unconstrained parameters,
were also fitted to each of the 258 partial distributions, a 516 parameter fit.
These fits were done to create an alternative model to baseline how much less
well the IP’s macro model did than unconstrained gamma pdf fits to the same
data set. The squared correlation between the 3,870 observed and expected
relative frequencies under this alternative model is .957. Thus the IP’s macro
model fits the data almost as well as the unconstrained gamma pdf alternative

Eighth Grade Some High Some High
or Less School Graduate Some College

AN

y-axis is proportion of sample

College Post o .
Graduate Graduate from 0 to .5 in bins $10,000 wide.

. B x-axis is annual wage income
7 s'))’\\“\ from $1 to $100,000.

Dollar amounts in terms of 2003
U.S. dollars

Distribution of U.S. Annual Wage Income Flg 10. Source: author’s
Conditioned on Education in 1981: Solid Curves estimates based on March,
Fitted Macro Model: Dashed Curves CPS data.
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Table 1. Estimates of the Parameters of the IP’s Macro-Model

Highest Level wy estimated by fitting |bootstrapped estimate of o
of Education the macro-model to 258|standard error |corresponding
partial distributions of wy, to wy

(43 years X 6 levels (100 re-samples)

of education)

eighth grade or less 0.4524 .0009582 1.1776
some high school 0.4030 .0006159 1.4544
high school graduate 0.3573 .0004075 1.7924
some college 0.3256 .0005033 2.0619
college graduate 0.2542 .0007031 2.7951
post graduate education 0.2084 .0005216 3.6318

model although the IP’s macro model uses only 6 degrees of freedom and the
alternative model 516.

Figure 11 shows that the unconditional mean of wage income in the U.S.
increased substantially in the 1960’s and again in the 1990’s in constant 2003
dollars. There was a smaller move upward in the early to mid 1980’s. However
between the early 1970’s and mid-1990’s there were small declines and small
increases that netted each other out, i.e., the unconditional mean of wage
income in the U.S. did not increase in constant dollar terms for over two
decades. The IP’s macro model implies that the scale factor of wage income
at each level of education in the labor force is driven by the product (WJept).
In the model bigger (WJ; ) stretches the distribution of wage incomes at each
level of education to the right over larger wage incomes. p; has to increase
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proportionally more than «; decreases for all percentiles of the distribution
conditioned on education to increase.

W is the harmonic mean of the wy’s at each time point. The proportion
each w,, equivalence class forms of the population, uy¢, changes as the propor-
tion of workers at a given educational level changes in the labor force. From
1961-2003 the level of education of the U.S. labor force rose substantially. See
Fig. 12. Given the wy’s estimates in Table 1, ; decreases 1961-2003 as the
level of education rises in the U.S. labor force. Figure 13 displays the course
of Wy from 1961 through 2003, a steady decline throughout.

Figure 14 graphs the estimated product (wut) over time. Note that de-
cline between the early 1970’s and mid-1990’s was much larger proportionally
than in Fig. 11, the time-series of p;. That means that the U.S. wage in-
come distribution conditioned on education was compressed substantially to
the left over smaller wage incomes from 1976 through 1983 in a much more
pronounced way than Fig. 11 implies. Figure 11 incorporates the positive ef-
fect on the unconditional mean of the rise in education level in the U.S. labor

Trends in Proportion of Labor Force at

Six Levels of Education Distinguished,

Except High School Graduate,
1962-2004

some
college
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school
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some high
graduate
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Fig. 12. Source: Author’s
estimates from data of the
L March Current Population
1964 1970 1976 1982 1988 1994 2000 Survey.
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force from 1961 through 2003. Figure 14 shows the negative effect of the rise
in educational level on wage earners, few of whom raise their education level
while they work for a living. The rise in education level in the labor force as
a whole is due to the net increase occasioned by the entry of more educated
younger workers and the exit of less educated older workers. Figure 14 shows
that most wage earners, those not raising their education level while they
worked, experienced a decrease of wage income percentiles during the 1970’s
and early 1980’s, the sort of wage income compression toward smaller wage
incomes shown in the comparison of Fig. 9 to Fig. 8.

Figure 15 confirms that smaller (W) did result, as the IP’s macro model
implies, in downturns in the medians of wage earners at each level of education
from the early 1970’s through the 1990’s with an exception in the high, ‘open-
end’ category of education. Its mean level of education rose. Standardization
of the time-series of (W;p¢) in Fig. 14 and standardization of the 6 time-series
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of Annual Wage Income by Level of
Education
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College Graduate

= Some College

High School Graduate
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Fig. 15. Source: Author’s
estimates from data of the
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! Fig. 16. Source: Author’s
] estimates from data of the
March Current Population
Survey.
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of conditional median wage incomes in Fig. 15 allow direct observation of how
closely these six are associated with (wip). Figure 16 shows the graphs of
the 7 standardized time-series. The time-series of the standardized (W pu)’s is
marked by X’s. The 6 standardized medians track the standardized (J;ps)’s.
Table 2 shows that 4 of the 6 time-series of conditional medians are more
closely correlated with the product (Wi ;) than with the unconditional mean,
1, alone. The IP’s macro model implies a larger correlation between the time-
series of median wage income conditioned on education and (W) than with
i alone. This inference follows from Doodson’s approximation formula for
the median of the gamma pdf, fy:(x), £(50)y: (Weatherburn, 1947:15 [cited
in Salem and Mount, 1974: 1116]):

Table 2. Estimated Correlations Between Time-Series

Highest Level of correlation between Jps | correlation between the
Education and median wage income | unconditional mean i,
at a given level of and median wage income at
education a given level of education
eighth grade or less .5523 .1837
some high school 1573 —.2874
high school graduate .8729 .5885
some college 9279 .7356
college graduate .9042 .9556
post graduate education 7776 9575
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Mean — Mode ~ 3 (Mean — Median)
in terms of a two parameter gamma pdf:

- 3041/, -1
L(50)pt ~ —3/\wt
and given (4) and (5):
1— %Wd; CJt,Ut
Teowe ¥\ T2 o (6)

a constant function of the conditional mean, (Wyfu)/wsy.

3 The Dynamics of the Macro Model
of the Inequality Process (IP)

The dynamics of the Inequality Process (IP)’s macro-model of the wage in-
come distribution of workers at the same level of education are driven exoge-
nously by change in (i puz):

Of () _ fut(@) Ayt (M)

O (WDrpt) Wefht
— fule) (B o= ) g

where, the conditional mean of wealth in the wy equivalence class, j, is:

QWi
Hopt = —— A~ —— 8
T o (8)

In (7), as (Wype) increases, fyi(xo) decreases to the left of the conditional
mean, fiye, i.e., for g < prye. fyi(zo) increases to the right of the conditional
mean iy, i.e., for g > py. So an increase in (W) simultaneously thins
the left tail of the distribution of x, wealth, in the wy equivalence class and
thickens the right tail. (7) implies that the probability mass in the left and
right tails, defined as the probability mass over xo < py: and xg > iy Te-
spectively, must vary inversely if (W;u:) changes. Thus, the macro-model of
the Inequality Process (IP) squarely contradicts the hypothesis that a wage
distribution conditioned on education can become U-shaped via a simultane-
ous thickening of the left and right tails, what the literature on the ‘hollowing
out’ of the U.S. distribution of wage incomes asserts.

Given that in the IP’s macro-model all change is exogenous, due to (W¢/it),
the forward difference, fyi(wo0) — fy@—1)(z0), at a given xo can be approxi-
mated via Newton’s approximation as:
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fu(0) = Fy—1)(20) = fy—1)(®0) + fiy—1y(@0) ((Dept) — (De—1p10-1))
—fy—1)(wo)

1 _
~ fypr—1)(To) - (étflﬁi) (0 — pyp(e—1))

% (~ Wikt 1)
Wi—1t—1

~ fue-1)(20) - Apg—1) - (20 = fry(-1))

x (% - 1) 9)
Wr—1Ht—1
(9) says that the forward difference, fy¢(w0) — fy@—1)(z0), of relative fre-
quencies of the same x¢ is proportional to fy—1)(%0), the scale parameter
at time t — 1, Ay 1), the signed difference between xo and the conditional
mean, fiy;—1) at time ¢ — 1, and the signed proportional increase (positive)
or proportional decrease (negative) in the product (w;—1pe—1). (9) implies
little change in the relative frequency of wage income in the vicinity of the
conditional mean. It also implies that the (2o — jty:—1)) term can become
largest in absolute value in the extreme right tail, i.e., for the largest x,
since the absolute value of the difference (wo — jiy¢—1)) is greater for the
maximum xg, typically more than three times the mean, than it is for the
minimum xg, which is very nearly one mean away from the mean. However,
the forward difference, (fy:(zo)— fy—1)(z0)), will still be forced down toward
zero in the far right tail when (&;—1pu:—1) increases because the RHS of (9)
is multiplied by (fy—1)(70)) which becomes small quickly as x¢ becomes
large. So the forward difference becomes small in the far right tail even when
(@¢—1p1e—1) increases despite the fact that (zg — uy:—1)) reaches its positive
maximum for the maximum xy. However, Newton’s approximation to the ra-
tio, (fyt(wo)/ fy—1)(x0)), reflects the full effect of (xg — puy—1)) on growth
in the density of the far right tail when (&;—1p:—1) increases.
Given that in the IP’s macro-model change is exogenous, due to (WJipt),
the ratio, fyi(20)/fy—1)(20), is approximated via Newton’s approximation
as:

foulwo) Su—1)(@0) + [, -1y (@o) (@epe) — (Dr—1p16-1))
Fu—1)(wo) fut—1)(wo)

~ {1 * [(5”0 ~ Hue-) (di_uﬁl) (affﬁi_l - 1)” 1)

The bigger the (2o — f1y(;—1)) term is in the right tail, the greater is the ra-
tio fyi(wo)/ fy—1)(xo) when (WJyps) increases. Figure 1, showing the surge
in wage income nouveaux riches, graphs the empirical analogue of the ratio
fut(20)/ f(t—1)(20). (10) is descriptive of Fig. 1. Note that according to (10),
in the right tail where xg > py—1), the difference (zo — py—1)) for xo
fixed becomes smaller as the conditional mean, p,;—1), increases with in-
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creasing (Wipe), implying a deceleration in the rate of increase of the ratio
Jut(x0)/ fyt—1)(x0) for a given increase in (Wyp1¢). This deceleration is evident
in Fig. 1.

The expression for forward proportional change is that of the RHS of (10)
minus 1.0:

For(w0) = Fo—1y(@0) _ Jou—1)(0) (W) = (@r-1p1-1))

fu—1)(2o) - Ju—1)(2o)
~ |[(xg — _ — — -1
[( 0~ Huce 1)) <wt—1Mt—1 Wi—1t—1
Wi fbt
~ Mp(i—1) (T0 = Hap(e-1)) (—@HMH - 1) (11)

and it has like (9) the property that it changes sign according to whether
xo is greater than or less than the conditional mean, gy, and whether wyp;
has increased or decreased. For example, in the right tail of the distribution,
i.e., o > pyt, when Wy, increases, forward proportional change in the distri-
bution, fy:(zo), is positive. Forward proportional change in the distribution
is a product of the three factors on the RHS of (11). Forward proportional
change in the distribution, fy(x¢), in (11) is a linear function of the difference
(2o — ud,(t,l)) and can, since maximum zy can be at least three times as far
from the mean as minimum =z, forward proportional growth in the extreme
right of the right tail when w;p; increases is greater than at any other income
amount. In other words, the IP’s macro model implies rapid growth in the
population of wage income nouveaux riches whenever (W) increases. One
would expect that purveyors of goods and services priced for people with large
wage incomes might see their market experiencing explosive growth whenever
the product (WJip) increases.

3.1 The Implied Dynamics of the IP’s Macro Model
for the Unconditional Distribution of Wage Income

The IP’s macro model of the unconditional wage income distribution, a mix-
ture of gamma pdf’s, fi(zo), is:

fi(zo) = urefre(zo) + - -« + wupr fype(xo) + - -« + uwe fwr(x0) (12)

where:
fut(xo) = IP’s macro model of distribution of wealth in the wy, equivalence
class at time t;
Uyt = proportion of particles in the wy, equivalence class at time ¢, the mixing
weights.

The dynamics of (12), the unconditional relative frequency of wage income,
are driven by (W) as in (7) and also by the direct effect of the wy’s:
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D) _ 5 (o) S22 (o)) (13)

(W) m Wy it

(12) is a gamma pdf mixture; a gamma mixture is not, in general, a gamma
pdf. While (12) shares many properties of (2) in the wy equivalence class, it
has others as well, namely the direct effect of change in the proportions,
the wuy¢’s, in each wy equivalence class. Figure 12 shows that the wuy:’s of
larger wy’s (those of the less well educated, e.g. workers without a high school
diploma) decreased between 1962 and 2004 while the wuy,’s of the smaller w,’s
(those of the more educated, e.g., with at least some post-secondary school
education) increased. This change in the uy:’s implies that ©; decreased in
this period, as Fig. 13 shows.

The implications for the right tail of the conditional distribution, fy.(zo),
in (9), (10), and (11), as the product (W:u¢) increases, carry through for the
dynamics of the right tail of the unconditional distribution, f(xo), for xo >
ltg+ where pgy is the mean of 2 in the wy equivalence class where wy is the
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minimum w, (and consequently p4; is the maximum mean of any w equivalence
class), and for the dynamics of the left tail of the unconditional distribution,
fi(xo), for g < per where pg; is the mean of x in the wy equivalence class,
where wy is the maximum w in the population (and consequently fp; is the
minimum mean of any w equivalence class). Thus, as (Jiu¢) and the uy in
equivalence classes with smaller w,y’s increase, (13) implies that the left tail
thins and the right tail thickens. Figures 17 and 18 show that such is the case
in the left tail bin, $1-$10,000, and the right tail bin, $50,001-$60,000 (both in

e
- T T T
©o|
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+ of incomes from $50,001 to R
$60,000 with proportions in other
g L $10,000 wide bins A

g | Correlations
Il of U.S. Wage
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\ correlations between proportion
of incomes from $1 to $10,000 |

with proportions in other $10,000
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wage income in thousands of 2003 dollars
Fig. 19. Correlations between relative frequency in wage income bin in left tail,
$1-$10,000, and relative frequency in right tail bin, $50,001-$60,000, and relative
frequencies in all the other income bins around the distribution. Source: Author’s
estimates from data of the March Current Population Survey.
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Fig. 20. Source: Author’s estimates from data of the March Current Population
Survey.
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constant 2003 dollars). Figure 19 shows how each relative frequency (that in
the bin $1-$10,000 and that in the bin, $50,001-$60,000) has a large positive
correlation with other relative frequencies in the same tail and a large negative
correlation with relative frequencies in the other tail. For example, the relative
frequencies in the bins $1-$10,000 and $50,001-$60,000 have a nearly a perfect
negative correlation with each other. Both relative frequencies, as one would
expect given (13), have a near zero correlation with relative frequencies close
to the unconditional mean of wage income.

Figure 20 shows that the unconditional forward difference of wage incomes
between the average of the relative frequencies in the period 1961 to 1970 and
the average of the relative frequencies in the period 1994-2003 largely overlaps
the fitted forward difference between the expected relative frequencies in these
two periods at the beginning and end of the time series. The time averaging is
done to smooth out the pronounced frequency spiking in these data. See Angle
(1994) for a discussion of frequency spiking in the wage income observations
collected by the March Current Population Survey.

4 Conclusions

The IP’s macro model fits the distribution of U.S. wage income conditioned
on education 1961-2003. It also accounts for one of the quirkier time-series
of scalar statistics of U.S. wage income in the same time period: the more
rapid growth in the relative frequency of the larger wage income in the right
tail of the distribution, that is, among wage incomes greater than mean wage
income. Figure 20 shows that the IP’s macro model accounts for how the rel-
ative frequencies of wage income changed between 1961-1970 and 1994-2003.
Figure 21 shows why, in particular, for large wage incomes (defined in constant
2003 dollars): the expected frequencies of large wage incomes under the IP’s
macro model track the observed frequencies of large wage incomes closely.

The observed relative frequencies are estimated from reports of personal
annual wage income in the micro-data file, the individual person records, of
the March Current Population Survey (CPS), in ‘public use’ form, i.e., with
personal identifiers stripped from the file. The March CPS is a survey of a large
sample of households in the U.S. conducted by the U.S. Bureau of the Census.
In the March CPS, a respondent answers questions posed by a Census Bureau
interviewer about members of the household. There is a question about the
annual wage income of each member of the household in the previous year.
See Fig. 4 for estimates of the distribution of annual wage income 1961-2003.
All dollar amounts have been converted to constant 2003 dollars.

The U.S. Census Bureau has evaluated the adequacy of its wage income
question in the March Current Population Survey (CPS) and acknowledged
that respondents, on average, underestimate the wage income they report
(Roemer, 2000: 1). Roemer writes “Many people are reluctant to reveal their
incomes to survey researchers and this reluctance makes such surveys par-
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ticularly prone to response errors.” Roemer (2000: 17-21) reports that these
underestimates are least biased downward for wage incomes near the median
but seriously biased downward for large wage incomes. So it is not a problem
for the IP’s macro model if it overestimates the relative frequency of large
wage incomes slightly, particularly very large wage incomes, as you can see it
does in Fig. 21.

The macro model of the Inequality Process is a gamma probability density
function (pdf) whose parameters are derived from the micro model of the In-
equality Process and expressed in terms of its parameters. See (2) through (5).
The dynamics of this model are expressed in terms of the gamma scale pa-
rameter, (5), of this model. (5) says that the model is driven exogenously by
the product (W) through its scale parameter, Ay:. (Wipe) is a function of
the distribution of education in the labor force at time ¢ and the uncondi-
tional mean of wage income, p;, at time ¢. w; is the harmonic mean of the
estimated IP parameters, the wy’s. These are estimated in the fitting of the
IP’s macro model to the distribution of wage income conditioned on educa-
tion, 1961-2003. The wy’s also enter the formula by which the unconditional
mean, [, is estimated from sample conditional medians under the hypothesis
that wage income is gamma distributed. The u,’s, the proportions in each wy,
equivalence class, by hypothesis the fraction of the labor force at a particular
level of education, also enter the formula by which p; is estimated from sam-
ple conditional medians. The IP’s macro model fits the distribution of wage
income in the U.S., 1961-2003, well.

4.1 The Dynamics of the Wage Income Distribution
When (J:put) Increases: A Stretching, Not a ‘Hollowing Out’
Not a ‘Hollowing Out’

When (W pt¢) increases, the distribution of wage income stretches to the right
over larger wage incomes, as in the comparison of Fig. 8 to Fig. 7. Figure 8 is



The Macro Model of the Inequality Process 207

the graph of gamma pdf’s with different shapes but the same scale parameter.
Figure 8 has gamma pdfs with the same shape parameters but a different scale
parameter, one that is half that of Fig. 7. The gamma pdf’s of Fig. 8 look
stretched to the right. When (W:p:) decreases, the wage income distribution
is compressed to the left over smaller wage incomes, as in the comparison
of Fig. 9 to Fig. 7. These effects are deduced from the IP’s macro model
in (9). The last term in the product on the RHS of (9) is positive when
(Dppag) > (Wp—1pee—1), negative when (Wepy) < (W¢—1p¢—1), meaning that when
(W ue) increases, the right tail thickens, the left tail thins, and vice versa when
(Jtpe) decreases. While the TP’s micro model is time-reversal asymmetric, its
macro model is time-reversal symmetric. The IP’s macro model implies in (10),
and (11) that growth in the relative frequency of large wage incomes, i.e., the
thickness of the right tail of the wage income distribution, is greater, the
larger the wage income, i.e., the farther to the right in the tail, when (Jpu;)
increases.

So the IP’s macro model accounts for the surge in the far right tail of
the wage income distribution in the U.S., the appearance of wage income
nouveaux riches, as (J;p¢) increased from 1961 through 2003. See Figs. 1, 5,
20, and 21. The IP’s macro model implies that the right tail of the wage
income distribution thickened as (WJip¢) increased from 1961 through 2003
and the left tail of the distribution thinned. The empirical evidence bears out
this implication of the IP’s macro model, but contradicts the interpretation
in the labor economics literature that the thickening of the right tail of the
wage income distribution represented a ‘hollowing out’ of the wage income
distribution, that is, a simultaneous thickening in the left and right tails of
the distribution at the expense of the relative frequency of wage incomes near
the median of the distribution, as illustrated conceptually in Fig. 3.

As you can see in Fig. 4, the unconditional distribution of wage income
thinned in its left tail and thickened in its right from 1961 through 2003.
Figure 17 shows how the relative frequency of wage incomes from $1-$10,000
(constant 2003 dollars) decreased from 1961 through 2003, although not mono-
tonically, while Fig. 18 shows how the relative frequency of wage incomes
from $50,001-$60,000 (constant 2003 dollars) increased from 1961 through
2003, although not monotonically. $50,001 in 2003 dollars is greater than the
unconditional mean of wage income from 1961 through 2003, so the wage
income bin $50,001-$60,000 was in the right tail the entire time. If there is
any remaining question of what was happening elsewhere in the distribution,
it is answered by Fig. 19 which shows the correlation between the relative
frequency in income bin $1-$10,000 with that of every other income bin. The
relative frequency of this extreme left tail bin was positively correlated with
the relative frequency in the other left tail bin, had almost no correlation with
relative frequency of mean wage income, and a large negative correlation with
relative frequencies of all the right tail income bins. Figure 19 also shows the
correlations of the relative frequency of the income bin $50,001-$60,000 with
relative frequencies in other bins around the distribution. These correlations
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are a near mirror image of the correlations of the left tail bin $1-$10,000. The
relative frequency of income bin $50,001-$60,000 has a high positive corre-
lation with the relative frequencies of other right tail income bins, near zero
correlation with the relative frequency of mean income, and a large negative
correlation with the relative frequencies of left tail wage income bins. Fig-
ure 20 shows that the relative frequency of wage incomes smaller than the
mean decreased between 1961 and 2003 while those greater than the mean
increased. There is no doubt that the relative frequencies of the left tail of
the wage income distribution vary inversely with the relative frequencies of
the right tail, just as the IP’s macro model implies, in contradiction of the
‘hollowing out’ hypothesis.

A Stretching of the Distribution When (w;pu:) Increases

This paper has focused on how the relative frequency of a wage income of
a given size changes when (Wu,) increases because it is algebraically trans-
parent. The algebra indicates more rapid growth in the relative frequency of
the larger wage income in the right tail of the distribution. However, a clearer
demonstration of how the IP’s macro model and the empirical wage income
change when (W;p¢) increases is in the dynamics of the percentiles of wage
income, that is, not how the relative frequency of a particular fixed wage in-
come in constant dollars, =y, changes, but rather how the percentiles of the
distribution change. Figure 2 shows that the 90th percentile of wage income
increased more in absolute terms than the 10th percentile between 1961 and
2003, i.e., the distribution stretched farther to the right over larger wage in-
comes in its right tail than its left. Does the same occur with the 10th and
90th percentiles of the IP’s macro model of the unconditional distribution of
wage income? This demonstration requires numerical integration and so is
less transparent algebraically than inspecting the algebra of the model for the
dynamics of the relative frequency of large wage incomes.

Figure 22 displays how well the percentiles of the model track the observed
percentiles of wage income. The tendency to slightly overestimate the 90th
percentile is not a problem given Roemer’s (2000) evaluation of the accuracy
of reporting of wage income data in the March CPS. In Fig. 22 the graphs of
the unconditional percentiles of the IP’s macro model and of empirical wage
income as (W pi¢) increases show both distributions stretching to the right: the
bigger the percentile, the more it increases in absolute constant dollars, what
one would expect from the multiplication of all wage income percentiles by the
same multiplicative constant, usually greater than 1.0, in each year between
1961 and 2006.

A percentile, z(;)¢, of the IP’s macro model, fy(z), is:

i T (i)t )\zz’ N
— = * —A d
100 /0 Tlag) x exp(—Ayez) dr
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where ¢ is integer and ¢ is less than or equal to 100. Figure 15 graphs the
conditional medians, the 50th percentiles, z(50)y¢’s, from 1961 through 2003.
Figure 16 shows that, when standardized, i.e., when their mean is subtracted
from them and this difference is divided by their standard deviation, the trans-
formed conditional medians have a time-series close to that of the standard-
ization of (Wiut). (6), Doodson’s approximation to the median of a gamma
pdf in terms of the IP’s parameters, shows why: the median is approximately
a constant function of (Wyp). (Wepe) enters fy () as a gamma scale parameter
transformation, via Ay A scale transformation affects all percentiles multi-
plicatively, as in the comparison of Fig. 8 to figure 7. The gamma pdfs of Fig. 8
have the same shape parameters as those of Fig. 7. The difference between
the two sets of graphs is that those of Fig. 8 have scale parameters, Ay, that
are one half those of Fig. 7. The gamma pdfs of Fig. 8 have been stretched
to the right over larger z’s from where they were in Fig. 7. The IP’s macro
model implies this stretching to the right over larger wage incomes when the
product (WJ¢p) increases, which Fig. 14 shows it did from 1961 through 2003,
although not monotonically so. A larger (wut) results in a smaller gamma
scale parameter, Ay, given (5).

So, the Inequality Process’ (IP) macro model explains both the surge in
the relative frequency of large wage incomes and the greater absolute increase
in the greater percentile of wage incomes in the U.S., 1961-2003 as (Wypt)
increased. Since the «; term decreases with rising levels of education in the
U.S. labor force, the condition of (w;p;) increasing means that the uncondi-
tional mean of wage income, p;, grew more proportionally 1961-2003 than
W decreased. Since all percentiles of wage income grew as (W) increased,
the surge in wage income nouveaux riches in the U.S. 1961-2003 was simply
a visible indicator of generally rising wage incomes, hardly the ominous event
it was made out to be by some in the scholarly literature and the popular
press.

Appendix A: The March Current Population Survey
And Its Analysis

The distribution of annual wage and salary income is estimated with data from
the March Current Population Surveys (CPS) (1962-2002), conducted by the
U.S. Bureau of the Census. One of the money income questions asked on the
March CPS is total wage and salary income received in the previous calendar
year. See Weinberg, Nelson, Roemer, and Welniak (1999) for a description of
the CPS and its history. The CPS has a substantial number of households in
its nationwide sample. The March Current Population Survey (CPS) provides
the data for official U.S. government estimates of inequality of wage income
as well as most of the labor economics literature on inequality of wage income
in the U.S.

The present paper examines the civilian population of the U.S. that is
25+ in age and earns at least $1 (nominal) in annual wage income. The age
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restriction to 25+ is to allow the more educated to be compared to the less
educated. It is a conventional restriction in studies of the relationship of ed-
ucation to wage income. The data of the March CPS of 1962 through 2004
were purchased from Unicon Research, inc. (Unicon Research, inc, 2004; Cur-
rent Population Surveys, March 1962-2004), which provides the services of
data cleaning, documentation of variable definitions and variable comparabil-
ity over time, and data extraction software. Unicon Research, inc was not able
to find a copy of the March 1963 CPS public use sample containing data on
education. Consequently, the distribution of wage and salary income received
in 1962 (from the March 1963 CPS) conditioned on education is interpolated
from the 1961 and 1963 (from the 1962 and 1964 March CPS’).

All dollar amounts in the March CPS are converted to constant 2003 dol-
lars using the U.S. Bureau of Economic Analysis National Income and Product
Account Table 2.4.4 Price indexes for personal consumption expenditure by
type of product [index numbers, 2000 = 100]
http://www.bea.gov/bea/dn/nipaweb/TableView.asp#Mid [Last revised on
8/4/05].

Appendix B: Estimation

Estimation of Relative Frequencies
All estimates are weighted estimates. The weight associated with the jth
observation in the {th year, u7,, is:

* Ut

Uy = —=p—— Mt

s Z?;l Uit

where,
uj; = the raw weight provided by the Census Bureau for observation j
ny = the sample size in year t.

Estimation of the p,, the Unconditional Mean, from Sample
Conditional Medians, x50yt ’s

While an unconditional sample mean of wage incomes in the March CPS can
be directly estimated from the data, it is known to be an underestimate of
the population unconditional mean, p;. The sampling frame of the March
CPS does not sample large wage incomes at a higher rate than smaller wage
incomes. Consequently, given the right skew of the distribution wage income
dollars will be missed in the form of very large individual wage incomes bi-
asing the sample mean of wage income downward. Further, the Census Bu-
reau itself has concluded that even when a household with one or more large
wage incomes falls into the sample, those wage income reports have a serious
downward bias (Roemer, 2000:17-21). The sample median of wage incomes
is robust against these problems of estimation. It is as well measured as any
sample statistic of annual wage income.
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The unconditional mean of the IP’s macro model, p, is estimated in terms

of the sample conditional medians, the x(50)y:’s, (the median wage income at
the ¢th level of education) and the uy,’s, (the proportion of the labor force
at the ¥th level of education) using Doodson’s approximation formula for the
median of a gamma pdf, (Weatherburn, 1947:15 [cited in Salem and Mount,
1974]) as instantiated for the IP’s macro model in (6), since:

[t = Urtfhie T Uatfior oo Ugptflapt oo+ Ustfhot
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Income Distribution as a Consequence
of Resource Flow in Hierarchical Organizations
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society (noun), from Latin societas, equiv. to soci(us) partner, com-
rade + -etas, var. of -itas- -ity

1. an organized group of persons associated together for religious,
benevolent, cultural, scientific, political, patriotic, or other purposes.
2. a body of individuals living as members of a community.

4. a highly structured system of human organization for large-scale
community living that normally furnishes protection, continuity, se-
curity, and a national identity for its members.

hierarchy (noun), from M.L. hierarchia, “ranked division of angels”
1. any system of persons or things ranked one above another.

Dictionary.com Unabridged (v 1.1)!

Almost all societies, once they attain a certain level of complexity, exhibit
inequality in the income of its members. Hierarchical stratification of social
classes may be a major contributor to such unequal distribution of income,
with intra-class variation often being negligible compared to inter-class differ-
ences. In this paper, examples from different historical periods, such as 10th
century Byzantium and the Mughal empire of India in the 15th century, and
different kinds of organizations, such as a criminal gang in the USA and Man-
ufacturing & IT Services companies in India, are shown to suggest a causal
relation between the hierarchical structure of social organization and the ob-
served income inequality in societies. Proceeding from the assumption that
income inequality may be a consequence of resource flow in a hierarchically
structured social network, we present a model to show that empirically ob-
served long-tailed income distribution can be explained through a process of
division of assets at various levels in a hierarchical organization.

! http://dictionary.reference.com/
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1 Introduction

Human society, once it reaches a sufficient degree of complexity, is almost al-
ways marked by large inequalities in wealth and income among its members.
This is as true of proto-states in the Bronze Age (as indicated by burial re-
mains in the graves of the elite as opposed to common people) as it is in today’s
highly industrialized world. There have been several attempts at investigating
the nature and causes of this pervasive inequality. Vilfredo Pareto (1848-1923)
was possibly the first to attempt a quantitative evaluation of social inequality
when he collected data on income distribution in several countries including
England, Peru, several German states and a number of Ttalian cities [1]. Pareto
claimed that in all cases the data fit a power law relation, with the number
of households having income greater than z, N(z) ~ z~“. He further made
the observation that values of o (now referred to as Pareto exponent) for all
the countries observed were around 1.5, possibly the first report of universal-
ity in a power law relation from empirical data. Based on these observations,
Pareto proposed an universal law for income distribution [2]. Later analysis
with more accurate and extensive data showed that the power law fits only
the long (upper) tail of the income distribution, with the bulk following ei-
ther a log-normal or Gibbs distribution, and also that the Pareto exponent
for different countries have a much wider range of variation than claimed by
Pareto [3].

A striking feature of the income distribution predicted by Pareto’s law is
its extremely skewed nature, with the frequency distribution declining mono-
tonically, beginning at a minimum income [1]. This was referred to by Pareto
as the “social pyramid”, and brings us to the question of the connection be-
tween the observed hierarchical structure of most societies and their income
distribution. According to a standard introductory book in prehistoric ar-
chaeology, hierarchically organized institutions emerged together with larger,
denser populations where decisions could no longer be effectively made by
consensus [4]. In turn, hierarchical organizations served to consolidate as well
as enhance existing inequalities, so that those having authority remained in
power. Thus “civilized” societies are marked by increasing inequality, in wealth
as well as in power. Therefore, it seems that the observed long-tailed income
distributions can be partially explained to be a result of resource allocation
among members belonging to a hierarchical structure, with the minority at
the higher levels having a significantly higher income than the majority below.
In comparison to inter-level inequality, differences in the income of individuals
belonging to the same level, which is due to factors other than the stratified
social structure, may be insignificant.

In this paper we present the results of our study involving empirical data
analysis and theoretical modeling to show that hierarchical structures can
indeed explain the power law form of income distribution in society. In the
next section, we analyse the organizational structure and income data from
different historical periods, such as that of the Byzantine army in 10th cen-
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tury and the Mughal nobility in 15th century, and from different present-day
organizations, such as an urban street gang of Chicago and Indian companies
belonging to the Manufacturing and Information Technology sectors. This is
followed by a section where we theoretically derive the power law distribution
of income from a simple model of resource flow along a hierarchical structure
(the tribute model).

2 Empirical Data

2.1 Military Wages in the Byzantine Empire, 10th Century

Between the 10th and 11th centuries, Byzantium was the richest state in the
western world, with income levels coming close to the maximum that pre-
industrial societies have achieved [5]. We focus on the wages of the Byzantine
army, as military expenditure formed the bulk of the total annual budget
of the state. This is also seen in its predecessor, the Roman empire, which
spent about 80% of its annual budget on the army [6]. The total salaries paid
each year to the strategoi (generals) of the Byzantine army by the emperor
amounted to a total of 26,640 gold coins, which accounted for a significant
portion of the state’s regular expenditure [7]. Therefore, analyzing the military
wages gives a good indication of the overall income distribution in Byzantine
society.

Like most military organizations, the Byzantine army had a pyramidal
structure, with each theme (a military unit) under the command of a strat-
egos, who was assisted by a hierarchy of lower officers. Even a cursory look
at their wages indicates that there was a high degree of inequality. Soldiers
were paid between 12-18 nomismata, lower officers between 72-124 nomis-
mata (1-2 pounds of gold), while the strategoi received 1440-2880 nomismata
(20-40 pounds of gold), making the top-to-bottom income ratio > 200 [5].
Although the salaries of the strategoi may look extraordinarily high, it in-
cluded funds to maintain the bodyguard, personal administrative staff and
the official residence. It is therefore better to see the roga (salary) as an an-
nual budget for running the administration, which included the salary of the
official himself [7].

Figure 1 (left) shows the cumulative frequency distribution of wages for
soldiers and officers of the tagmata, or central fleet, in 911 [8]. The distribution
fits a power-law form with a Pareto exponent of a@ ~ 2.17. The deviation of
the income for the strategos, which appears too high compared to the general
trend of wages for the other officers, is because it presumably includes the
money earmarked for administrative expenses as mentioned above. At the
lower end, the soldiers were partly paid in kind (grain, clothes, etc) and this
could account for the slight deviation.

It is interesting to see that Byzantine army showed both hierarchical struc-
ture and the long-tailed income distribution that we associated with Pareto
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Fig. 1. (left) Cumulative frequency distribution of the annual military wages in the
Byzantine army in 911 AD. The dotted line indicates a power-law fit to the data,
with Pareto exponent v ~ 2.17. The monetary unit is 1 nomisma, a coin of pure
gold weighing 4.5 grams. The inset shows the approximate number of people at each
rank in a theme (a Byzantine military unit), starting from the strategos. (Right)
The frequency distribution of basic monthly pay (in Rupees) in the Indian army at
present.

law. However, it is not necessary for the two to always coexist. Although mod-
ern armies retain the hierarchical organization of the Byzantine army, the
salary structure is much more egalitarian. Figure 1 (right) shows the income
distribution in the Indian army at present, which suggests an almost exponen-
tial decay, especially at the higher ranks. The data for the basic pay has been
obtained from the Indian army web-site [9]. Similar kind of salary structure
is seen in almost all governmental agencies, which in general show far less
inequality than, e.g., companies belonging to the private sector. Presumably
this is because such “non-competitive” organizations have other non-monetary
benefits, such as, higher job-security.

2.2 Salaries of Mughal Imperial Officers in India, 15th Century

The Mughal empire of India was one of the largest centralized states of the
pre-modern world [10]. Between 1556 and 1720 the empire was a large com-
plex organization dominating most of the Indian subcontinent, with the em-
peror’s orders being carried out in every province by a well-trained cadre of
military-civilian bureaucrats. The centralized hierarchical administration was
built largely during the reign of Emperor Akbar (1556-1605). The reigns of
Akbar’s successors, his son Jahangir (1605-1627) and grandson, Shah Jahan
(1627-1658), saw steady growth in Mughal imperial power and consolidation
of the centralized bureaucratic system. The higher administrative positions
were filled by a select group of warrior-aristocrats, comprising royal princes
and several hundred emirs (nobles). Each of them headed households and
troop contingents ranging in size from several hundred to several thousand.
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To meet the large expenses involved, the Mughal nobles were paid salaries
that were probably the highest in the world at that time [11]. In 1647, dur-
ing the reign of Emperor Shah Jahan, the 445 highest ranked administrators
controlled over 60% of the total imperial revenue income. At the very top,
68 princes and nobles had a combined income of 36.6% of the total revenue,
and their jagirs covered almost a third of the entire empire [12]. Thus, the
income data for the Mughal administrators seems particularly suited for in-
vestigating the relation between hierarchical structure and long-tailed income
distribution.

With the accession of Emperor Akbar in 1556, the Mughal empire went
into a new phase of expansion involving long and costly campaigns. This
necessitated streamlining of the army organization and finances, which led
Akbar to start in 1577 the Mansabdari system (derived from the term mansab
meaning rank) of hierarchical military nobility. All imperial officers in the
civilian and military administration were given ranks, there being 33 grades
of mansabdars ranging from commanders of 10 to commanders of 10,000. Each
mansabdar was expected to maintain a prescribed number of soldiers, horses,
elephants, equipment, etc. according to his suwar rank, while the zat rank
determined his salary. The latter also denoted the standing of the officer in
relation to the emperor, the higher the rank the more important the officer.
During Akbar’s reign, the highest rank an ordinary noble could hold was that
of a commander of 5000, the grades between commanders of 7000 and 10,000
being reserved for the royal princes. During the reign of his successors, the
grades were increased upto 20,000 or even more [13]. While some officers re-
ceived their salary directly from the imperial treasury, most were paid through
assignment of jagirs, the order to collect revenue from certain areas in lieu of
salary. Unlike the feudal system in Europe, a mansabdar’s property (including
jagirs) was not hereditary. Their appointment, promotion or dismissal rested
entirely with the emperor.

Detailed information about the salaries of the mansabdars from the middle
of Akbar’s reign is recorded in the Ain-i Akbari, a detailed statistical account
of the empire compiled in 15967 by Abu "1-Fazl (1551-1602), a high-ranking
court official [14]. All 249 officers of and above the (zat) rank 500 are men-
tioned by name in Ain-i Akbari and this includes the three royal princes:
Salim (later Emperor Jahangir), Murad and Danyal. In addition, those names
of commanders between 500 and 200 who were alive at the time the list was
made are also mentioned, while for ranks below 200, only the number of officers
who were alive are given. In all, we get information about 1388 mansabdars.
This group accounted for the major share of the imperial revenue income: to-
wards the end of Akbar’s reign, the mansabdars and their followers consumed
82% of the total annual budget of Rupees 99 million [10].

Figure 2 (left) shows the distribution of rank as well as the monthly salary
of the mansabdars mentioned in Ain-i Akbari. The bulk of the officers follow
a power law distribution with the Pareto exponent o ~ 0.69, with only the
royal princes deviating from the general trend. As seen in the inset, the rank
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Fig. 2. (left) Cumulative frequency distribution of the Mansabdari rank (filled cir-
cles) and monthly salary in Rupees (squares) in the Mughal army around 1590 dur-
ing the reign of Emperor Akbar. The line shows a power-law fit to the data giving
a Pareto exponent of a ~ 0.69. The inset shows the almost linear relation between
rank and salary. (Right) A comparison of the cumulative frequency distribution of
Mansabdari ranks during the successive reigns of Emperors Akbar, Jahangir and
Shah Jahan. The data sources are Abu ’l-Fazl’s Ain-i Akbari (Akbar), the Dutch
traveler De Laét (Jahangir) and Lahori’s Padishahnama (Shah Jahan). The latter
does not include any information about officers below the rank of 500.

and the salary have an almost linear relationship, which enables us to form
an idea of the income distribution in later reigns when sometimes only the
rank distribution is available. Figure 2 (right) compares the distribution of
mansabdar ranks during the successive reigns of Akbar, Jahangir and Shah
Jahan, the bulk of the officers in all cases being described by a Pareto exponent
~ 0.69%. However, as in Akbar’s reign, the distribution shows a deviation for
the highest ranking officers in the later reigns also, with fewer occupants of
these ranks than would be expected from the general trend. This is explained
to some extent when we realize that these ranks in almost all cases were
reserved for the royal princes. Trying to fit a different power law tail to this
part of the data gives us a Pareto exponent of a ~ 2.3.

2.3 Income of Members of a Chicago Criminal Gang, 1990s

From a consideration of the hierarchy and income distribution of societies from
the long-distant past, we now travel to the present, where a unique study en-
ables us to look at the wages of the members of a criminal organization [15].
The urban street gang which was the subject of this study, a branch of the

2 Tt is expected that the nature of the income distribution would also have remain
unchanged over this period. Differences would be almost entirely reflected as
displacement along the salary axis: because of inflation, the salary of a mansabdar
during Shah Jahan’s reign was approximately 8 times that of a mansabdar of the
same rank during Akbar’s reign.
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Black Gangster Disciple Nation, operated from Chicago’s south side and its
principal source of revenue (accounting for more than 75% of the total earn-
ings) was through selling crack cocaine in the street. The street-level salesmen,
referred to as foot-soldiers, formed the base of the hierarchical organization of
the gang (shown in Fig. 3, left). Other sources of revenue included gang dues
from rank-and-file members (full members did not pay dues) and extortion
from businesses operating in the gang’s territory.

The top level of the organization was made up by a elite group of individ-
uals who were responsible for long-term strategy, maintaining relations with
suppliers and affiliates in other regions, and overall gang management [15].
The next level comprised local leaders responsible for specific territories, each
of whom were assisted by three “officers”, who formed the next lower level. Be-
low them, the foot-soldiers were organized in teams of six, with a team leader,
carrier, lookout, etc. Foot-soldiers were paid a flat wage rather than a wage
linked to the sales, with the team leader getting the highest and the lookout
the lowest wage in the team. However, the actual wage data was not resolved
to this level of detail, with only the total wages paid to the foot soldiers under
a local leader having been recorded. Figure 3 (right) shows the distribution
of monthly salary at the different levels of the gang. It is worth noting that
the distribution is extremely skewed, with the local leaders earning 10-20
times more than the average foot soldier. The insets show the exponentially
decreasing number of people at each level, and the exponentially increasing
salary, up the hierarchy. The same trend has been observed in a study of the
wage structure in a medium-sized US firm in a service industry over the years
1969-1988 [16]. We will see in the next section that such oppositely behaving
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Fig. 3. (left) The organizational hierarchy of a Black Disciple Gangster Nation
(BDGN) gang in Chicago around the 1990s. The number of gang members at each
level is shown on the right. (Right) Cumulative frequency distribution of the monthly
income for members of the BDGN gang. The dotted line is a power law fit with
Pareto exponent ~ 1.3. The upper inset shows the exponentially increasing number
of members at progressively lower levels in the hierarchy, while the lower inset shows
exponentially decreasing income down the ranks.
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exponential functions for the rank-population and rank-salary relations are
related to the power law form of the income distribution.

2.4 Management Salary Structure in Indian Companies, 2006

Our final set of empirical data concerns the income of management employ-
ees in several Indian companies belonging to the Manufacturing and Infor-
mation Technology (IT) sectors. Corporate salaries are often quite transpar-
ently a manifestation of the hierarchical organization structure of a company.
We analysed the salary data from 21 Manufacturing Companies (e.g., Bajaj
Auto, Cadbury, Himalaya Drug, etc) and 16 IT Companies (e.g., HCL, Oracle,
Satyam, TCS, etc), the bulk of the data being obtained from an internet-based
labor market survey site [17], and verified in selected cases with information
from the company’s annual report.

Figure 4 shows the organization structure of the management in a typical
Indian company that was included in our study. The hierarchy starts at the
level of executives, and goes up through managers and divisional heads all the
way to the Chief Operating Officer or Vice President. The number of levels
need not be same in all divisions, e.g., sales and marketing typically has more
layers than other divisions, which is reflected in a relatively lower salary ratio
between successive levels for people in sales. The salaries at different levels in
selected key divisions in companies belonging to the Manufacturing and IT
sectors are shown in Fig. 5. The data show exponentially increasing salary
along the levels to the top of the hierarchy, a feature already observed in the
previous sub-section. Our evidence seems to support that the salary structure
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Fig. 4. Organization of the management in a typical Indian company belonging to
the manufacturing sector. The numbers correspond to representative annual salaries
(in thousands of Rupees) for the respective positions.
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Fig. 5. The management salary structure of (left) an Indian company belonging
to the manufacturing sector, different from the one whose organization structure is
shown in Fig. 4, and (right) that of an Indian company belonging to the Information
Technology sector, for the same few divisions in each. Note that salaries are shown
on a logarithmic scale, so that exponential increase in salary up the hierarchy will
be manifested as a linear trend in the figure.

in IT companies is relatively more egalitarian than Manufacturing companies,
but, on the whole, all companies exhibit similarly skewed salary distribution
along their hierarchical structure.

3 Income as Flow along Hierarchical Structure:
The Tribute Model

Having seen evidence for a causal relation between long-tailed income dis-
tribution and the occurrence of hierarchical structures, we will now consider
income distribution as a problem in physics. In particular, we consider income
as resource flow along a hierarchically branched structure. We assume the ex-
istence of this hierarchy, and observe how power law distribution of resources
at the various levels can arise as a result of flow along the structure.

We consider a strict hierarchy of IV levels: at each layer, a node is connected
to M subordinates belonging to the level below it. The salary of each node
is proportional to the total information arriving at it for processing, i.e., the
total number of nodes at the level below that it is connected to. Moreover, the
income for a node is the difference between the total inflow from the nodes
below it and the outflow to the node above it. We shall call this the tribute
model, as the net flow up the hierarchy can be seen as tribute paid by agents
belonging in the lower levels of the hierarchy to those above. An obvious
realization of this model is in a criminal organization, where the people at the
base put a fraction of their earnings for the disposal of their immediate boss,
who in turn sends a fraction to his boss, and so on. We now show that, under
certain circumstances, the resulting income distribution will have a power-law
form.
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Let the total number of nodes at layer g be n,. Without loss of generality,
we can assume that the income of each node at the base is 1. Each node sends
a fraction f of its income to its immediate superior, so that income of node at
level q is I, = fMI441, with net income at the base being Iy =1 — f, while
that at the top is I; = (fM)N~! (Fig. 6). Thus, the income of a level-qg node
in terms of the parameters N, M and f is

I = (1= P(FM)N1, 1)
For the income distribution, we obtain n, in terms of I, as

ng = TL(I) ~ T log(1—f)/[log M-Hogf]7 (2)

which has a power law form. For example, if f = 1/2 and M = 3, the dis-
tribution will be a power law having exponent ~ 1.7. While it may appear
that the parameters can be freely chosen to obtain any exponent whatsoever,
there are certain restrictions in reality, such as, for a node at the upper layer
to benefit from the arrangement, it is necessary that fM > 1.

Note that, the salary ratio between two consecutive levels is given by
SR =1,/I,4+1 = fM, so that the top-to-bottom income ratio is

o= UMY (SR)Y
BT T 1= (SR/M)

3)

For example, if N =5, M =5 and f = 1/2, we obtain T = 200. If, as is
empirically observed, Tr remains fairly constant for hierarchical organizations
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Fig. 6. A schematic diagram of the tribute model representing flow of resources
along a hierarchical structure, with the income of nodes at each level ¢ shown in the
right.
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with different number of levels, then it follows that as the number of levels, IV,
increases, the salary ratio between successive levels (= fM) decreases. This
has indeed been observed by us in the data for management pay structure in
Indian companies.

So far we had been concerned with inter-level differences in income. Within
a level also, incomes for individuals will differ. However, as suggested by
Gibrat [18], this is likely to be decided by large number of independent stochas-
tic factors, such that the intra-level income distribution will most likely be
log-normal, the outcome of a multiplicative stochastic process. When seen in
conjunction with the multiple hierarchical levels which ensures that the gap
between mean income at each level have exponentially increasing separation
along with exponentially decreasing population at each level up the hierarchy,
this will imply that within a given level the income distribution is log-normal,
but a Pareto like power law behavior will describe the overall inequality, as
inter-level differences will tend to dominate intra-level deviations within an
organization.

4 Conclusions

In this paper, we have examined the co-occurrence of hierarchical social struc-
tures and long-tailed income distributions in many empirical examples, which
suggest a causal relation between the two. By considering income distribution
as a resource flow problem along a hierarchical structure, we see that it fol-
lows a power law form with Pareto exponents similar to those seen in reality.
Although factors other than social stratification do play a role in deciding in-
come of individuals, it may be that the broader features of long-tailed income
distributions, including the Pareto law behavior at the upper tail, is explained
in terms of organizational hierarchy. A future challenge lies in explaining why
such hierarchical structures emerge spontaneously in society [19].
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Summary. We consider an R&D race between two symmetric firms. The game
consists of two stages. In the first stage, firms non-cooperatively decide upon their
levels of investment in R&D which, in turn, determine the Poisson probabilities of
their subsequent sucesses. In the second stage, they engage in a Nash bargaining
game to share their knowledge. We show that the firms over-invest and earn lower
profits if knowledge sharing is possible compared to the situation where it is not.
Hence, before the first stage, if the firms are given the option of precommitting to no
knowledge sharing, they will do so and be better off. The society, of course, would
be better off with full knowledge sharing.

1 Introduction

In recent years, a lot of interest has been created on the process of knowledge
accumulation by firms through R&D investments. A part of this knowledge
accumulation process consists of knowledge sharing by firms. Often produc-
tion and sales of a product is preceded by a long process of research. This
is particularly true in case of new product development. Typically, the R&D
stage can be broken down into several sub-stages and in some of these inter-
mediate stages firms may want to share their knowledge with one another.
More specifically, the firm with the superior knowledge may sell its informa-
tion to firms with inferior knowledge for a licensing fee. Due to the public
good nature of knowledge, such sharing would always be welfare improving
for the society. But the question is do the firms have an incentive to share their
knowledge? Most of the existing literature concentrates on bargaining mecha-
nisms through which knowledge sharing might take place between firms. Thus
Green and Scotchmar (1995), Aghion and Tirole (1994), dealing with multi-
stage patent races and with R&D knowledge selling arrangements respectively,
analyse the problem of dividing the expected surplus from ultimate R&D suc-
cess among generators and utilizers of disclosed interim research knowledge.
In these papers, it is assumed that the generator of knowledge through ba-
sic research is unable to develop it further into a marketable invention and
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the agent who is able to market the knowledge in incapable of doing basic re-
search. In a more recent paper, d’Aspremont, Bhattacharya and Gerard-Varet
(2000) consider a framework of knowledge-sharing where both the parties can
subsequently develop the interim knowledge. In Erkal and Minehart (2006),
dynamic aspects of knowledge sharing in R&D rivalry are considered. In par-
ticular, it focuses on a situation where research projects consist of a number
of stages and explores how the innovators incentives to share intermediate
research outcomes with progress and with their relative positions in the R&D
race. In contrast, the present paper looks at the desirability of knowledge
sharing from the point of view of the firms.It adds a prior stage to the R&D
race where firms decide non-cooperatively the level of investment to be made
on research which subsequently determines the probabilities of their ultimate
success. We show that in such a scenario firms tend to overinvest in R&D and
their profits are lower than in the situation where there is no possibility of
knowledge sharing. Thus if the firms could precommit to no knowledge shar-
ing, they would do so. The rate of R&D would, however, be much higher with
knowledge sharing because it will increase the probability of success in R&D.

2 The Basic Model

We consider two symmetric firms engaged in an R&D race. There are two
stages of this game. In the first stage, each firm chooses its level of investment
in R&D which determines its Poisson intensity of invention. Thus if the ith
firm invests C'(A\;) on R&D in the first stage, it has a Poisson intensity of
invention \;. We assume that the cost function C()\;) is the same for both the
firms and ¢’ > 0, C” > 0. In the second stage, the firms are engaged in a
(symmetric) Nash bargaining game of knowledge sharing. As an outcome of
the game, the firm with superior knowledge transfers its information to the
firm with inferior knowledge against a fixed licensing fee.

Let us first consider a benchmark case where no disclosure of knowledge is
possible at the second stage of the game. Suppose both firms share a common
discount rate ¢ in continuous time. We further assume that for each firm the
success in innovation is a random event governed by a Poisson process. Let
T; be the time when success in innovation occurs for the ith firm. Then the
distribution of Tj is given by

F(T) =1—e T (1)

where F(T;) measures probability that success occurs on or before date T;.
Hence the probability density of T; is given by

f(Ty) = F/(Ty) = Me iTidT; (2)

Thus the probability that innovation will occur sometime within the short
interval between T; and T + dT; is approximately ;e *7dT;. In particular,
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the probability that it will occur within d7; from now, i.e. when T; = 0,
is approximately \;dT;. So we can interpret \; as the probability per unit
of time that innovation will occur. We may call this the flow probability of
the event. We assume that innovation by the two firms are governed by two
similar but independent Poisson proceses. Hence the flow probability that at
least one firm will be successful in innovation is just the sum A\; + Ay and
the conditional probability that firm 1, with Poisson intensity of invention
A1, is the first innovator is given by )\111/\2. Finally, we assume that the first
innovator gets all the benefits of innovation, which is normalized to unity, and
the other firm gets nothing. Then the discounted expected payoff of firm 1 in
the no disclosure scenario is given by

A

< A
va()\l,)a):/o e 6t—1f(t)dt=m

3
A1+ Ao ()

where f(t) represents the probability that at least one firm innovates within
the short time interval ¢+dt. In particular, remaining consistent with equation
(2) above f(t) is given by

F() = (A + Ag)e”tra)t (4)

Similarly the discounted expected payoff of firm 2 in the no disclosure scenario
is given by
™3 (A1, A2) = R (5)
2 ’ A+ A2+ 9
Let us now consider the case where in the second stage knowledge is transfered
from the informed to the uninformed firm. Suppose firm 1 has the superior

knowledge, i.e. Ay > As. then the payoff function of firm 1 is given by

A
i\, e) = g L, ) (6)
and that of firm 2 is given by
A
T2\ e) = g = L, ) (7)

In the above two equations L(A1, \2) represents the licensing fee paid by firm 2
to firm 1 when knowledge is transfered. We assume that the level of knowledge
is verifiable by both parties. Also we assume for the moment that there is full
disclosure of knowledge by firm 1 to firm 2. However, we shall show below
that firm 1 will disclose its entire knowledge to firm 2 even if it has the option
of partial disclosure. The licensing fee is determined by a symmetric Nash
bargaining solution. In other words, the licensing fee satifies

1
mo=m ()\1,)\2)4-5 (71 (A1, A2) + 72 (A1, A2) — ) (A1, A2) — 72 (A1, A2)]
(8)
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This means that the net surplus from knowledge sharing is equally divided
between the two firms. Using equations (6) and (7), the full disclosure payoffs
may be written as

i 1 2)\1 A1+ A2

i aA = 5 -
(ECEEE At vrs vl N s vl veriy vary: )

for ¢ = 1,2. It is to be noted that the net surplus from knowledge sharing is
non-negetive due to the public good nature of knowledge. We know consider
the first stage of the game where the firms decide upon their R&D expenditure
which determines their levels of knowledge. When there is no disclosure in
stage 2, the net profit functions may be written as

1Y () = 55—~ C(%) (10)

¢ A+ Ao+ 0

for + = 1,2. Similarly, when there is full disclosure, the profit functions may
be written as

Ai 1 21 A1+ A2

T (A, o) = 5 - -
i (A1, A2) Mot 2laMts Mt

cn) (A1)

for i = 1,2 and where A\; > As. We compare the Nash equilibrium of equation
(9) with that of (10). The first order conditions of the equilibrium with no
disclosure are given by

Ao+ 4 e

o ¢ (12)
A1 +0 v

(M +Xa+0)2 ¢(A) (13)

Since C”(.) > 0, in equilibrium the two firms must choose the same level of
R&D investment. This equilibrium is denoted by AY = A\Y = AN, Similarly
the first order conditions for the case where there is full disclosure of knowledge
are given by

Ao+ 6 5|: 2 1

(A1 + A2 +0)? + 2 (2M1 4+ 0)2 (A + A2+ 5)2} =C"(M) (14)

A+ 1) 2 1 /
s . ) 1
i+ 0] ' 2 {(% 7 a et 5)2} C'd)  (15)

It can be shown that in this case also Ay = A9 in Nash equilibrium. To see
why, first note that for A\; = Ay the left hand sides of equations (13) and (14)
become identical, so that Ay = Ay is clearly a solution to (13) and (14). Next,
we may show that this is the only solution. If possible, suppose A\; > \o.
On the one hand, in view of the fact that C” > 0, this means that the
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right hand side of equation (13) is greater than the right hand side of equa-
tion (14). On the other hand, it is straight forward to verify that the left
hand side of equation (13) is less than the left hand side of equation (14).
This is a contradiction which proves that A\; > Ao is not possible. Thus we
conclude that in case of full disclosure, levels of investment and knowledge
are the same for the two firms and this common knowledge is denoted by
/\F _ )\F _ )\F
1= =\
Equilibrium R&D in the no disclosure and full disclosure cases are given
by

AN 16 ,

@ oy - ¢ (16)
Moy 6 1 INF

@F o T2 N (17)

respectively. It is straight forward to verify from equations (15) and (16) that
A > AN This has direct implications for the comparative profit levels of the
firms in the two situations.

Note that the level of profit (of each firm) in the two situations is given

by 2A’>—j+5 — C(M),j = N, F. Also note that the function T)Jré — C(\) attains
a maximum where m = C’(A). Denoting the value of A where this is sat-

isfied, by A™47 it is easy to see that Af' > AN > A™a Tt follows immediately
that profit of each firm will unambiguously go down if they are allowed to
share knowledge in the second stage. The level of R&D, however, is higher
under knowledge-sharing than under no disclosure. A couple of comments are
now in order. First, in the second stage of the game it is always optimal for
the firms to go for knowledge-sharing. The firms will take this into account
and as a result invest more in R&D in the first stage leading to lower prof-
its. Secondly, it may be pointed out that in the second stage a superior firm
(provided there is one) will always go for full knowledge sharing. Suppose in
the second stage firm 1 has superior knowledge so that A; > As. Then if firm
1 reveals a level of knowledge A to firm 2 with A\; > A > A2, its payoff is given
by

21 + A + Ao

A1, Az, AN
(1 2 ) ()\14‘)\24‘6)

(18)

Since the right hand side of (17) is increasing in )\, it is always optimal for
firm 1 to reveal full knowledge, that is A1, to firm 2. The above findings are
summarized in the following proposition.

Proposition 1 In the RED race described above, if knowledge-sharing is al-
lowed, then each firm will be making lower profits compared to the case where
knowledge-sharing is not possible. The aggregate level of Ré€D, however, will
be higher under knowledge-sharing. In equilibrium there will be no knowledge
sharing.
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3 Concluding Remarks

The paper shows, in the context of an R&D race, that firms will over invest in
research if they have the opportunity of sharing their knowledge at a subse-
quent stage. This will also reduce their profits. Therefore, if a proper market
for knowledge sharing is not in place, firms will have little incentives to de-
velop them on their own. But knowledge sharing can potentially increase the
possibility of innovation in a couple of ways. First, by sharing knowledge all
firms have the same probability of success which is equal to the probability
of success of the informationally most superior firm. This, of course, increases
the probability that at least one firm is successful within any given time in-
terval. Secondly, due to over investment in research, the probability of success
of the superior firm will be higher. In our model of symmetric firms, since in
equilibrium each firm will be investing the same amount, each will have the
same level of knowledge at the intermediate stage. Thus in equilibrium there
will be no knowledge sharing. But the mere possibility of knowledge sharing
will increase investment in R&D which will certainly be beneficial for the so-
ciety. Thus if there is no well developed institution through which knowledge
can be shared, the government will have to take the initiative to develop such
institutions or arrangements. More so, because the firms will not have any
incentive to develop them.
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Summary. We show the existence of a first best incentive compatible mechanism
for the queueing model that satisfies identical preferences lower bound. We call this
mechanism the FB’ mechanism. We also show that for the queueing model, either
with three agents or with four agents, the FB’ mechanism is the only first best
incentive compatible mechanism that satisfies identical preferences lower bound.

1 Introduction

In a queueing environment, we have a finite set of agents who wish to avail
a service provided by one server. Agents can be served sequentially. Agents
incur waiting costs and the planner’s goal is efficiency of decision, that is, to
order the agents in a queue to minimize the aggregate waiting costs. Mani-
quet [4] argues that queueing models capture many economic environments.
Such models have been examined from both incentive and axiomatic view-
points in a recent series of papers. The problem from an incentive viewpoint
occurs if agents have private information. In such a scenario, individual objec-
tive differs from the planner’s objective. If waiting costs are linear functions
of time and agents have quasi-linear preferences, then one can find first best
incentive compatible mechanisms. By first best incentive compatible mecha-
nisms we mean mechanisms that satisfy truth-telling in dominant strategies,
efficiency of decision and budget balanceness.!

One question that can be asked is the following: can we have first best
incentive compatible mechanism that results in utility allocation that satis-
fies some reasonable distributional requirements. An interesting distributional
requirement is that each agent should find his bundle (that is, the allocated
queue position and transfer under the mechanism) at least as desirable as
the bundle that would be assigned to him in the hypothetical situation in
which all agents would have preferences identical to his (see Thomson [8]).

! See Mitra [5].
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If a mechanism satisfies this distributional requirement then we say that the
mechanism satisfies identical preferences lower bound. This concept was pro-
posed by Moulin [6] and has been the object of several studies in the context
of economies with indivisible goods (see Bevia [1], [2]). In modeling queueing
situations as a coalitional form TU game, both Maniquet [4] and Chun [3]
has used identical preferences lower bound to characterize the Shapley value
(see Shapley [7]) of their respective queueing games. We show the existence of
a first best incentive compatible mechanism that satisfies identical preferences
lower bound. We call this mechanism the FB’ mechanism. We also show that
for the queueing model, either with three agents or with four agents, the FB’
mechanism is the only first best incentive compatible mechanism that also
satisfies identical preferences lower bound.

2 The Model

Let N = {1,...,n} be the set of agents and assume that n > 3. Each agent
wants to consume a service provided by a server. Agents can be served only
sequentially and serving any agent takes one unit of time. Fach agent is iden-
tified with a waiting cost 6; € R;. The waiting cost is private information.
A state 0 = (0;);en is a vector of waiting costs of all agents. Given a state 0,
the state (0;);en—giy will be denoted 6_;.

A queue is a bijection o : N — {1,...,|N|}. For notational convenience,
we will denote o (i) as o; for all i € N. If o; = k — that is, agent ¢ occupies
position k in the queue — then her waiting cost is (k — 1)6;.

2.1 Mechanism Design Problem

If the waiting cost of the agents are private information we have a mechanism
design problem of the planner. A mechanism M = (o,t) associates to each
state 0, a tuple (0(6),t(0)) € X(N) x RY. Agent i’s outcome is denoted
as (0;(0),t;(0)) where o;(0) is the queue position of agent i and ¢;(0) the
corresponding transfer. Let u;(0;(0),t;(0),0:) = —(0;(0) — 1)0. 4 t;(0) denote
i’s utility when the state 0 is reported (collectively) and her true waiting cost
is 6.

Definition 1 A mechanism (o, t) is dominant strategy incentive compatible if
fOI‘ all i, 91', 9/- 9,1', uz(oz(&, 9,1'), tl(ﬁz, 971'), 91) Z uz(oz(t?;, 971'), tZ(GQ, 9,1'), 91)

79
Dominant strategy incentive compatibility implies that truth telling is an

optimal strategy for every agent irrespective of the announcements of other
agents.

Definition 2 A mechanism (o,t) is efficient if for all states 6, o(f) €
X*(N,0).
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It is easy to see that efficiency implies that if 6; > 6; then o; < oj.
However, if 6; = 0;, then the efficient queue can involve either o; > o; or
0; < o0j. In this paper, we avoid this multiplicity problem by focusing on
a single valued selection from the efficiency correspondence. This is done by
selecting an arbitrary order > on the set of agents N and using the following
tie breaking rule: if ¢ > j and 6; = 0; then o; < 0;. In what follows, we will
use 0*(#) to denote the efficient queue consistent with the above tie-breaking
rule for the state 6.

Definition 3 A mechanism (o,t) is budget balanced if for all states 0,

Z?:l ti(6) = 0.

A mechanism that satisfies efficiency, dominant strategy incentive compat-
ibility and budget balance is called a first best incentive compatible mechanism.

Proposition 2 A mechanism M = (0%, t) is first best incentive compatible
if and only if for all € %"} and all i € N,

of(0)—1 n— ol ()

)= > (LT > —— =) 05 +7(0-) (1)
JEPi (07 (6)) ( ne2 ) JEP (o (9)) ( "o )

where Pi(0(0)) = {j € N | 07(0) < 07(0)}, P/(o"(0)) = {j € N [ 05(6) >

of (@)}, vi: R Rand Yo,y vi(0-;) =0.2

Definition 4 The FB’ mechanism, denoted by M’ = (c*,t'), is a first best
incentive compatible mechanism with the following transfer:

oy o;(0) —1 n— o (6)
t;(0) = | > (ﬁ 0; — | > —— )0 @
JEP; (a7 (0)) JEP](o*(0))
for all 0 € R and all i € N.

Clearly, the FB’ mechanism is a first best incentive compatible mechanism
with 7;(f_;) = 0 for all ¢ € N and all §_; € ?R’f;l. We denote the utility
allocation, associated with the FB’ mechanism, in any state 6, by u/(0) =
(uh(0),...,ul(0)) where

r'n

ui(0) = ui(o7 (0),£(6),0;) = (07 (0) — 1)0; + £;(0) (3)

2.2 Identical Preferences Lower Bound

Definition 5 A mechanism M = (o,t) satisfies identical preferences lower
bound if for all 6 € R, u;(0i(0),t:(0),0;) > —L_Ql& for alli € N.

2 For the proof of this result see Mitra [5].
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The property of identical preferences lower bound requires that each agent
should be at least as well off as he would be if all other agents had the same
preferences.

Proposition 3 The FB’ mechanism satisfies identical preferences lower
bound.

Proof: To show that the FB’ mechanism satisfies identical preferences lower
bound we first substitute (2) in (3) to obtain

up(0) = —(o; (0) =10+ > 8O0 — > B0 (4
JEP;(0*(0)) JEP{(0*(0))

where 3;(6) = (0;75(1);1) and 3;(0) = (njfzz(e)) We add and subtract

> iepi o+ 9)) Bi(0)0: = X e pr o+ (0)) 3;(8)0; to the right hand side of (4) and
then simplify it to obtain

U§(9)=—w+ S BO;—-0)+ D> Bi(0)0:i—06;) (5)

JE€Pi(a*(0)) jep{(a*(0))

From (5) it follows that u}(#) > —“=1% since 8;(6) > 0, 5;(8) > 0,0,~6; > 0
for all j € Pi(c*(0)) and 6; — 0; > 0 for all j € P/(c*(0)).

Is FB' mechanism the only mechanism belonging to the class of first
best incentive compatible mechanism that satisfies identical preferences lower
bound? The next proposition is a partial answer to this question.

Proposition 4 Ifn € {3,4}, then the FB’ mechanism is the only first best in-
centive compatible mechanism that satisfies identical preferences lower bound.

Proof: Consider the queueing model with n = 3 and a state § = (01,02, 603) €
%ﬁ_ such that 6, > 6, > 65. Under any first best incentive compatible mecha-
nism M = (c*,t), 05(0) = 2 and agent 2’s utility allocation is Uz(0) = —02 —
~2(01,03). Applying identical preferences lower bound we get Us(f) > —0-
which implies that v2(61,65) < 0. Consider state §' = (61, 62,605) € R3 such
that 6 > 0] > 3. The state ¢ is obtained from the state 6 by replacing 6
with 7. Under any first best incentive compatible mechanism M = (o*, ),
o7 (0") = 2 and agent 1’s utility allocation is Uy (6') = —0] —v1(62, 03). Apply-
ing identical preferences lower bound we get Uy (6’) > —6} which implies that
~1(02,05) < 0. Consider state §” = (61,02,04) € %i such that 61 > 05 > 0.
Using similar steps we get v3(61,02) < 0. Therefore, it is necessary that
~i(0;,0k) < 0 for all ¢ # j # k # i and all 0; # 65. Given that for a first
best incentive compatible mechanism Ele ~i(0—;) = 0, it follows that (a)
vi(0;,0,) = 0 for all ¢ € {1,2,3}, all 0,0, € Ry such that 6, # 0. Finally, if

0 =(01,65,03) € ?Ri is such that 61 = 05 = 63 then using identical preferences
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lower bound condition of each agent we get ;(0;,0;) < 0 for alli # j # k # i.
Given Zle 7i(0;,0%) = 0, we get (b) ;(0;,0;) = 0 for all i € {1,2,3} for all
0; = 0, € ;. From (a) and (b) it follows that ~;(6_;) = 0 for all i € {1,2, 3}
and for all 0_; € ?Ri

Consider the queueing model with n = 4 and a state 6 = (01,02, 03,04) €
3?3_ such that 6, > 0 > 03 > 64. Under any first best incentive com-
patible mechanism M = (o*,t), 05(f) = 2 and agent 2’s utility allocation
Us(0) = —62— %93 —72(01,03,04). Applying identical preferences lower bound
we get Us(6) > —%92 which implies that v5(61,03,04) < %(92 — 03). Notice
that the last inequality must be true for any selection of 65 € (63, 6;) (since
Y2 (91, 93, 94) is independent of 92) Therefore, Y2 (91, 93, 94) S %(92 — 93) must
be true in the limit when 65 = 65. Hence it is necessary that v2(61,63,64) < 0.
By applying similar steps one can show that v;(60_;) < 0 for all i € {1,2,3,4}.
Given E?Zl ~i(0—;) =0, we get (c) v;(6_;) =0 for all 7 € {1,2,3,4} and for
all 0_; € N3 such that all elements are not equal. If 0 = (01,0,05,0,) € R4
is such that #; = 0, = 63 = 6, then by applying identical preferences
lower bound for each agent we get ;(0_;) < 0 for all i € {1,2,3,4}. Given
S i(0-3) = 0, we get (d) i(0;,0%,60;) = 0 for all i € {1,2,3,4} and for all
0; =0, =6, € R4. From (c) and (d) we get v;(6_;) = 0 for all i € {1,2,3,4}
for all 8_; € R3.

It is not clear whether the uniqueness result of Proposition 4 holds for
n > 4. An open question in this context would be to axiomatize the allocation
under the FB’ mechanism using some ‘reasonable’ fairness axioms.
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Summary. Generalisation of the El Farol bar problem to that of many bars here
leads to the Kolkata restaurant problem, where the decision to go to any restaurant
or not is much simpler (depending on the previous experience of course, as in the
El Farol bar problem). This generalised problem can be exactly analysed in some
limiting cases discussed here. The fluctuation in the restaurant service can be shown
to have precisely an inverse cubic behavior, as widely seen in the stock market
fluctuations.

Key words: Stock market fluctuations; El Farol Bar problem; Traffic jam;
Fiber bundle model

1 Introduction

The observed corrlated fluctuations in the stock markets, giving power law
tails for large fluctuations (in contrast to the traditionally assumed exponen-
tially decaying Gaussian fluctuations of random walks), were schematically
incorporated in the El Farol Bar problem of Arthur [1]. Here the decision to
occupy the bar (buy the stock) or to remaing at home (sell the stock) depends
on the previous experience of the “crowd” exceeding the threshold (of pleasure
or demand level) of the bar (stock), and the strategies available. The resulting
Minority Game models [2] still fail to get the ubiquitus inverse cubic law of
stock fluctuations [3]. In the Fiber Bundle models [4] of materials’ fracture,
or in the equivalent Traffic Jam models [5], the fibers or the roads fail due to
load, exceeding the (preassigned) random threshold, and the extra load gets
redistributed in the surviving fibers or roads; thereby inducing the corelations
in the fluctuations or “avalanche” sizes. The avalanche distribution has a clear
inverse cubic power law tail in the “equal load sharing” or “democratic” fiber
bundle model [6, 7].

In the El Farol Bar problem [1], the Santa Fe people decide whether to
go to the bar this evening, based on his/her experince last evening(s). The
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bar can roughly accommodate half the poulation of the (100-member strong)
Institute and the people coming to the bar still enjoy the music and the food.
If the crowd level goes beyond this level, people do not enjoy and each of
those who came to the bar thinks that they would have done better if they
stayed back at home! Clearly, people do not randomly choose to come to the
bar or stay at home (as assumed in a random walk model); they exploit their
past experience and their respective strategy (to decide on the basis of the
past experience). Of course the people here are assumed to have all the same
informations at any time (and their respective personal experiences) available
to decide for themselves independently and parallely; they do not organise
among themselves and go to the bar! Had the choice been completely ran-
dom, the occupation fluctuation of the bar would be Gaussian. Because of the
processes involved in deciding to go or not, depending on the respective ex-
perience, the occupation fluctuation statistics changes. The “minority” people
win such games (all the people “lose” their money if the bar gets “crowded”, or
more than the threshold, say, 50 here); the bar represents either the “buy” or
“sell” room and the (single) stock fluctuations are expected to be represented
well by the model. The memory size and the bag of tricks for each agent in
the Minority Game model made this process and the resulting analysis very
precise [2]. Still, as we mentioned earlier, it cannot explain the origin of the
ubiquitous inverse cubic law of fluctuations (see e.g. [3]).

We extend here this simple bar problem to many bars (or from single
stock to many), and define the Kolkata Restaurant problem. The number of
restaurants in Kolkata, unlike in Santa Fe, are huge. Their (pleasure level)
thresholds are also widely distributed. The number of people, who choose
among these restaurants, are also huge! Additionally, we assume that the de-
cision making part here in the Kolkata Restaurant problem to be extremely
simple (compared to the El Farol bar problem): if there had been any “bad
experience” (say, crowd going beyond threshold level) in any restaurant any
evening, all those who came there that evening avoid that one for a suitably
chosen long time period (7') and starting next evening redistribute this extra
crowd or load equally among the rest of the restaurants in Kolkata (equal or
democratic crowd sharing). This restaurant or the stock fails (for the next T
evenings). As mentioned before, this failure will naturally increase the crowd
level in all the other restaurants, thereby inducing the possibility of further
failure of the restaurants in service (or service stocks). If 7" is finite but large,
the system of restaurants in Kolkata would actually organise itself into a “crit-
ical” state with a robust and precise inverse cubic power law of (occupation
or in-service number) fluctuation. This we will show here analytically.

2 Model

Let n represent the number of restaurants in Kolkata. They are certainly
not identical in their size and comfort threshold levels. let p1,pa,...,p, de-
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note respectively the crowd threshold levels of these n restaurants. If, in any
evening, the crowd level p in the ith restaurant exceeds p;, then all the p num-
ber (fraction, when normalised) of persons coming to the ith restaurant that
evening decide not to come to that restaurant for the next 7' evenings, and
the ith restaurant goes out of service for the next T' evenings (because others
got satisfaction from the restaurants they went last evening, and therefore do
not change their choice). If N is the total number (assumed to be large and
fixed) of people regularly going to various restaurants in Kolkata, and if we
assume that people choose completely randomly among all the restaurants in
service (democratic or equal load sharing hypothesis and “knowledge” of the
“in-service” restaurants available to everybody), the “avalanches” dynamics

/ N people
Bar Home
p=1/2 p=1/2

Fig. 1. El Farol bar problem: To go (buy) or not to go (sell) to a single bar (stock).
Each of the N people have a choice to stay in their respective homes (collectively
represented by a single ‘Home’ here) or go to the bar each evening. The bar has
a pleasure threshold N/2 (p = 1/2) beyond which people get disappointed (lose the
game) and the ‘minority’ deciding to stay at home that evening win. In the reverse
case, the bar people become minority and each of them win.

N people

/|

n restaurants

Fig. 2. Kolkata Restaurant problem: Many choice (stock) problem. N people in
the city, each has the same choice to go to any of the restaurants (stocks) and
therefore, each retaurant gets p = N/n fraction of the crowd to start with. If p > p;
on any evening, then the p fraction of the people going to that ith restaurant gets
dissatisfied, and the ith restaurant (stock) falls out of choice for the next T evenings.
p then increases to N/(n — 1) and that may lead to a further failure of the jth
restaurant (if p; < N/(n — 1)) and so on.
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of these restaurants to fall out of service, can be analytically investigated if
T — oo and the threshold crowd level distribution p(p;) for the restaurants
are known (see Figs. 1 and 2).

3 Avalanche Dynamics: Infinite T

This avalanche dynamics can be represented by recursion relations in discrete
time steps. Let us define U;(p) to be the fraction of in-service restaurants
in the city that survive after (discrete) time step ¢ (evenings), counted from
the time ¢ = 0 when the load or crowd (at the level p = N/n) is put in the
system (time step indicates the number of crowd redistributions). As such,
Ui(p =0) =1 for all t and Us(p) =1 for t = 0 for any p; Us(p) = U*(p) # 0
for t — oo if p < p., and Uy(p) = 0 for t — oo if p > p,.

If p is measured in the unit of the crowd threshold of the biggest restaurant
in Kolkata, or in other words, if p is normalised to unity and p(p;) is assumed
to be uniformly distributed as shown in Fig. 3 (and T — oo as mentioned),
then U;(p) follows a simple recursion relation (cf. [4,5])

N
t+1 Pt; Pt Un
p
or, Upy1=1— —. 1
=17 M

In equilibrium U1 = Uy = U* and thus (1) is quadratic in U* :
U~ —U*+p=0.

The solution is

1 =

1
U (z):§i(19c—p)1/2; Pe=

Here p. = N./n is the critical value of crowd level (per restaurant) beyond
which the system of (all the Kolkata) restaurants fails completely. The quan-
tity U*(p) must be real valued as it has a physical meaning: it is the fraction

p (pi)
1

Fig. 3. Density p(p;) of the crowd han-
dling capacities p; of the restaurants.
It is assumed here to be uniform upto
a threshold value (normalised to unity).
At any evening ¢, if the crowd level is py,
restaurants having p; < p; all fail and
0 p 1 P the fraction 1 — p; of restaurants remain
t i in service after that evening.
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of the restaurants that remains in service under a fixed crowd or load p when
the load per restaurant lies in the range 0 < p < p.. Clearly, U*(0) = 1. The
solution with (+) sign is therefore the only physical one. Hence, the physical
solution can be written as

1

U*(p) = U*(pe) + (pe — 0)"/%; U*(pc):%andpcz 1 (2)

For p > p. we can not get a real-valued fixed point as the dynamics never
stops until U; = 0 when the network of restaurants get completely out of
business!

3.1 Critical Behavior
At p < pc

It may be noted that the quantity U*(p) —U* (p.) behaves like an order param-
eter that determines a transition from a state of partial failure of the system
(at p < p.) to a state of total failure (at p > p.) :

O=U"() - U (o) = (b ) 5=, 3)

To study the dynamics away from criticality (p — p. from below), we
replace the recursion relation (1) by a differential equation

d_UiUQfUer
dt U '

Close to the fixed point we write U;(p) = U*(p) + € (where e — 0). This gives
€ = Ui(p) = U"(p) = exp(~t/7), (4)

where 7 = % [%(pc fp)*1/2 + 1}. Thus, near the critical point (for jamming
transition) we can write

T (pe—p)~% a= . (5)

Therefore the relaxation time diverges following a power-law as p — p. from
below.

One can also consider the breakdown susceptibility y, defined as the change
of U*(p) due to an infinitesimal increment of the traffic stress p

—‘d%p(p)‘— (pcfp)’”;v:%- 6)

Hence the susceptibility diverges as the average crowd level p approaches the
critical value p. = i.
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At P = Pc

At the critical point (p = p.), we observe a different dynamic critical behavior
in the relaxation of the failure process. From the recursion relation (1), it
can be shown that decay of the fraction Uz(p.) of restaurants that remain in
service at time t follows a simple power-law decay:

1 1
= — 1 —_—
Ut 2( +t+1)’ (7)

starting from Uy = 1. For large t (t — 00), this reduces to U; — 1/2 oc t79;
6 = 1; a power law, and is a robust characterization of the critical state.

3.2 Universality Class of the Model

The universality class of the model can be checked [4] taking two other types
of restaurant capacity distributions p(p): (I) linearly increasing density distri-
bution and (II) linearly decreasing density distribution of the crowd fraction
thresholds p within the limit 0 and 1. One can show that while p. changes
with different strength distributions (p. = /4/27 for case (I) and p. = 4/27
for case (IT), the critical behavior remains unchanged: « =1/2=3=~v, =1
for all these equal crowd or load sharing models.

3.3 Fluctuation or Avalanche Statistics

For p < p., the avalance size m can be defined as the fraction of restaurants
falling out of service for an infinitesimal increase in the global crowd level
(c.f. [6])

dM

m= M=1-U"(p). (8)

With U*(p) taken from (2), we get

Pe—DpP m=2.
If we now denote the avalanche size distribution by P(m), then P(m)Am
measures Ap along the m versus p curve in (8). In other words [6, 7]
dp

P(m) = ey m~", n=3. (9)

4 Avalanche Dynamics: Finite T

The above results are for T — oo, i.e, when any restaurant fails to satisfy
its customers, it falls out of business, and customers never come back to it.
This would also be valid if T is greater than the relaxation time 7 defined in
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(4). However, if such a restaurant again comes back to service (people either
forget or hope that it has got better in service and start choosing it again)
after T evenings, then several scenerios can emerge.

If T is very small, the recursion relation (1) can be written as

p

Upj=1———+£
fr 1—U_7+ U,

(10)
In fact, if 7" is large, U;—7 = 1 and (10) reduces to (1). However, if T is very
small, say of the order of unity, then at the fixed point, U1 = U* = U}, =

U; and one gets
Us=1-p.

From (8) one gets
P(m) ~ §(m —my) (11)

where mg is determined by the initial conditions.

5 Conclusions

We generalise here the El Farol bar problem to that of many bars. This leads us
to the Kolkata restaurant problem, where the decision to go to any restaurant
or not is much simpler; it still depends on the previous experience of course, as
in the El Farol bar problem, but does not explicitly depend on the memory size
or the size of the strategy pool. Rather, people getting disappointed with any
restaurant on any evening avoids that restaurant for the next T evenings. This
generalised problem can be exactly analysed in some limiting cases discussed
here. In the T — oo limit, the fluctuation in the restaurant service can be
shown to have precisely an inverse cubic behavior (see eqn. (9)), as widely seen
in the stock market fluctuations. For very small values of T', the fluctuatuation
distribution become d-function like (see eqn. (11)). For large but finite T,
the system of restaurants in Kolkata will survive at a (self-organised) critical
state [8].
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Comments and Criticisms:
Econophysics and Sociophysics

1 Beyond Econophysics?

Mauro Gallegati

Dipartimento di Economia, Universita Politecnica delle Marche, Ancona, Italy

mauro.gallegatiQunivpm.it

So far econophysics has given contributions in four areas of economics: finan-
cial markets, wealth and income distribution, industrial economics (firms’ size
distribution, growth rates) and, more recently, networks analysis. According
to Gallegati et al., 2006, there are some weakness in the approach: a lack of
awareness of work that has been done within economics itself; resistance to
more rigorous and robust statistical methodology; the belief that universal
empirical regularities can be found in many areas of economic activity; the
theoretical models which are being used to explain empirical phenomena. The
paper raised a lively debate (see e.g. Ball, 2006).

In this note I would like to take a different approach: to point out an
approach to economics, which goes beyond the reductionist approach of the
mainstream toward an empirically sound discipline. Economics being a com-
plex system, one should investigate the emergence of macro out of the indi-
vidual behavior and interactions. This opposes the standard view according
to which macro is reducible to micro: the work by Gallegati et al., 2007, rep-
resents a first step in this direction. The prisoner dilemma’s game is a very
nice example of the failure of the reductionist hypothesis of the mainstream,
according to which if one maximize the satisfaction of one element maximize
the satisfaction of the system itself, since some elements can take advantage
of interactions.

The usual trick to build macroeconomics on microfoundations is to use
the representative agent (RA) framework. Unfortunately, as Hildenbrand and
Kirman, 1988, note: ‘There are no assumptions on isolated individuals, which
will give us the properties of aggregate behavior. We are reduced to making
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assumptions at the aggregate level, which cannot be justified, by the usual
individualistic assumptions. This problem is usually avoided in the macroe-
conomic literature by assuming that the economy behaves like an individual.
Such an assumption cannot be justified in the context of the standard model.”!

Econophysicists should help economists to make economics a falsifiable
discipline not an aziomatic one as it is now. The epistemological paradigm
of Milton Friedman (1953) is still ‘accepted as the correct one within the
neoclassical scientific paradigm’ (a very lucid presentation in Calafati, 2007).
According to Friedman the ultimate goal of a positive science is to develop
hypotheses that yield ‘valid and meaningful’ predictions about actual phenom-
ena and which can be falsified. Not falsifiable are the underlying hypotheses
(‘the more significant the theory, the more unrealistic are the assumptions’,
p. 14) according to a quite old tradition, which dates back to the aurispici,
supposed to be able to predict the future by interpreting the animals’ inte-
riora to forecast the future. A bizarre epistemology indeed, but the only one
if you wish to use the implausible assumptions of the neoclassical framework
(or if you want to ‘prove’ that Santa Claus really exist).

The mainstream microfoundation literature, which ignores interactions
and heterogeneity, has no tools for connecting the micro and the macro levels,
beside the RA whose existence is at odds with the empirical evidence (Stoker,
1993) and the general equilibrium theory as well (Kirman, 1992). Also, the
standard econometric tools are based upon the assumption of an RA. If the
economic system is populated by heterogeneous (non necessarily interacting)
agents, then the problem of the microfoundation of macroeconometrics be-
comes a central topic, since some issues (e.g., cointegration, Granger-causality,
impulse-response function of structural VAR) lose their significance (Forni and
Lippi, 1997). An Agent Based Modelling strategy has to be seen as a first step
toward modeling serious microfoundations.

In a nutshell, we might recall the main differences between the main-
stream economics and the Agent Based approach as follows: according to the
mainstream we have: perfect information, market clearing, full rationality, no
direct interaction (only through prices), while the methodology follows Fried-
man, 1953 (economists should formulate ‘valid and meaningful’ predictions
about actual phenomena regardless the underlying hypotheses). Differently,
the group of Ancona proposes an approach based upon limited information,
out of equilibrium dynamics (path dependency etc.), adaptive behavior, di-
rect interaction and an Agent Based methodology. By it, we mean to model
local interaction at the single agents level (simple behavioral rules), possibly
changing the interaction nodes and the individual rule (adaptation). From it,
some statistical reqularities emerge which can not be inferred from the indi-
vidual behavior (self emerging regularities); this emergent behavior feeds back

! See Arrow (1951), Sonnenschein (1972), and Mantel (1976) on the lack of the-
oretical foundations of the proposition according to which the properties of an
aggregate function reflect those of the individual components.
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to the individual level (downward causation) and each and every proposition
may be falsified at micro, meso and macro levels. This approach opposes the
axiomatic theory of economics, where the optimization is the rule for a non
ad-hoc modeling.

Our hope is that the now mainstream approach based on the RA will be
no representative of economics in the very near future.
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2 Econophysics and Sociophysics:
Comparison with Earlier Interdisciplinary Developments

Bikas K. Chakrabarti

Theoretical Condensed Matter Physics Division
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Saha Institute of Nuclear Physics, 1/AF Bidhannagar, Kolkata 700064, India

Physics, even counted from the time of Isaac Newton (1643-1727), is now
about three hundred years’ old. It is presently the most matured, successful
and dependable of all the natural sciences. It is only natural therefore that
along with its own developments, physics had also explored, often very suc-
cessfully, some other natural science territories and created for example the



252 Comments and Criticisms: Econophysics and Sociophysics

(not so unconventional any more) branches of physics like astrophysics, bio-
physics and geophysics. And econophysics looks like to be a recent addition
to this kind of endeavor.

Intense researches on astrophysics and biophysics are now conducted by
the physicists in their own departments (not in astronomy or biology depart-
ments; although a few ‘older’ departments are still named ‘Department of
Physics & Astronomy’!). These research results are also published in regular
physics research journals. Nobel prizes in physics have also been awarded to
some of these outstanding ‘interdisciplinary physics’ researchers (at least four
astrophysics Nobel prizes so far)! It might be noted in this connection that in
astrophysics research, consistent and thorough knowledge development were
appreciated from the very beginning (with appropriate emphasis on the scanty
observational results available at any stage), and this also percolated the bio-
physics research community recently (with the ‘old” hang-ups given away) and
considerable progresses are being made these days (note, the change-over to
the present-day molecular biology, from the cellular one, occurred through
the X-ray structure determination of DNA by physicists like Francis Crick
and collaborators in the mid-fifties). As such, both these research streams are
now very much part of any physics departmental activity, as also of any of
the professional physics journal.

Although the main researches in the important area of geosciences are
only physical in nature, no regular geophysicists can be commonly found in the
physics departments. The same is true for geophysics research papers: they are
not regularly published in standard physics journals. To my mind, excessive
emphasis on and appreciation of too many disconnected observations, without
any attempt to comprehend them, had been the root cause of its failure in
inspiring their colleagues like physicists, or for that matter, others. And of
course there has been no Nobel prize yet for geophysicists (except perhaps to
Edward Appelton for ionosphere research in 1947)!!

Crudely speaking, the main-stream physics research is now composed of
two major branches: one looking for the basic constituents of matter and
their interactions and mechanics, and the second part deals with the collective
(dynamical) properties or behavior of a ‘many-body’ assembly (typically of the
size of Avogadro number of order 1023) of such constituents. After the advent
of modern computers in the last thirty years or so, considerable development
in understanding these ‘collective dynamics’ and the consequent ‘emergent
features’ in the dynamics of such many-body systems, especially when each
of the constituent follows very simple (local in space and time) but nonlinear
dynamics, has taken place. A striking observation in these studies had been the
‘self-organised emergence’ of ‘globally tuned’ patterns out of their collective
dynamics and their ‘universality’ classes, independent of the details of the
microscopic dynamics of its constituents. Understanding of the ‘global’ effects
of the ‘frustrating’ constraints among the dynamics of the constituents are
now reasonably matured.
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All these encouraged the physicists to check and explore their earned
knowledge to the well-known many-body systems in the society: like in eco-
nomics and sociology (mainly in the study of social networks dynamics). Not
unlike in the previous attempts and developments, these unconventional appli-
cations also try to bring these researches (in econophysics and sociophysics)
within the regular (departmental) activities of physics researches! Happily,
several main-stream physics journals (like European Physical Journal B, Euro-
physics Letters, Physica A, Physica D, Physics Letters A, Physical Review E,
Physical Review Letters, Journal of Physica A: Mathematical and General,
Journal of Physics: Condensed Matter, International J of Modern Physics B,
International J of Modern Physics C, and review journals like Physics Re-
ports, Reports on Progress in Physics etc) are regularly publishing research
papers in econophysics and sociophysics for the last six-seven years. Like in
the initial stages of astrophysics and biophysics, there are some similarities
in criticisms from the mainstream economists who essentially tend to ignore
these developments in view of their fixed mind-set (of axiomatic foundations
most often, and occasionally of ‘understanding’ the ‘natural economic and
financial phenomena’ claimed by each in terms of their own, but mutually or-
thogonal, ideas). We believe, however, there are signs of mutual reconciliations
emerging. In particular, the balanced emphasis on observations and on devel-
oping rigorous analysis of ‘toy’ models for comprehending only one or some
crucial feature(s) of such observations (and not, to start-with, attempt for all
the known aspects of the observations), a culture mainly contributed by the
econophysicists recently, will help both the streams, physics and economics,
in healthy developments.

In short, I believe, criticisms for any such new development are only too
natural and have not been uncommon earlier. (Before early sixties, astro-
physics was not considered worthy of Nobel prize or for that matter, even
for regular funding. Pioneering astrophysicists like Prof. M.N. Saha (1893—
1956), our institute’s founder, had to undertake projects in ‘main-stream’
physics of nuclear science in those days to continue their researches!). Any-
way, the previous ‘successes’ with astrophysics (interdisciplinary science of
physics and astronomy), biophysics (interdisciplinary science of physics and
biology) and the ‘not-so-impressive successes’ of geophysics (interdisciplinary
science of physics and geology) can indeed help us showing the way to succeed
with econophysics/sociophysics too. We all should remember, the criticisms
die away because the ‘old guards’ themselves die away and younger researchers
come forward with fresh minds! Also, compare the timescales involved in gain-
ing recognition and successes in both astrophysics and biophysics (or for that
matter in geophysics)! With the success already in the last ten or fifteen years
in starting the econophysics researches in the physics departments of various
universities, of having already a set of very knowledgeable researchers and ref-
erees in various established physics journals in appreciating good researches
in this interdisciplinary field (and also criticising the others), I believe, econo-
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physics and sociophysics researches have already scored a critical mass and
are poised to make soon major contributions in science.

3 Creating Principle of Econophysics
Taisei Kaizoji

Division of Social Sciences, International Christian University,
Mitaka, Tokyo 181-8585 Japan

kaizoji@Qicu.ac. jp

Econophysics has found many empirical laws in regard to the price fluctuation
of the financial market through analyzing the high frequency data. Especially,
findings of statistical laws of the market such as power law of price fluctua-
tions and multi-fractality of price volatility have a big impact on science as
well as the public. Power law of price fluctuation has been known among the
researchers from the time before, but economics and the finance have thought
that large fluctuations of prices, which is source of power laws, can be ignored
and was called ‘anomalies’, because these phenomena are irrational, and are
above one’s apprehension. Econophysics makes clear that these laws hold in
rather normal states of the financial market, and this has contributed to the
development of the technique which analyzes the financial market from a new
point of view. For econophysics to contribute to the development of social sci-
ences of the 21st century, it is necessary to establish the principle of the new
market mechanism which explains the statistical laws which are discovered so
far.

4 Corner and Hope: On The Future Topics
of Econophysics

Yougui Wang

Center for Polymer Studies, Department of Physics, Boston University,

Boston, MA 02215, USA and

Department of Systems Science, School of Management, Beijing Normal University,
Betjing, 100875, People’s Republic of China

I present some discussions on the changing topics of econophysics. Two trends
should be paid more attention, one is to reconstruct economics from perspec-
tive of physicists, the other is to enter the domain of economics and find proper
topics. Both call for more cooperation between economists and physicists.
Since the term econophysics was coined by H.E. Stanley in 1995 in
Kolkata, this interdisciplinary subject has undergone development for more
than a decade. Many stylized facts with respect to financial markets, income
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or wealth distribution, firm growth as well as economic fluctuations are dis-
covered empirically. Various features of the complexity of an economy become
clear to practitioners with more developed methods or approaches of physics
and of complexity research being applied into various issues of economics.
Several regular conferences have been frequently undertaken in many places.
Some books have been recently published to publicize the subject. Conse-
quently, Econophysics has been approbated in the circle of natural science [1].
Some economists have also viewed it as a heterodox school in economics, or
an emerging branch of complex economics [2]. It sounds very successful for
a short-lived interdisciplinary subject to have so many achievements. But for
majority of scientific researchers, econophysics is still an unknown or strange
term. Even in the two original families of econophysics: economics and physics,
this ‘half-breed’ is not accepted as a normal inheritor. Remarkably, some
economists who are concerning this field also have shown their worry and
made some criticisms about its trend [3].

This worry and criticisms do not come from hollow cavity. Instead, they
point out the isolation of econophysics. The current topics of econophysics can
be seen at related websites and some review articles [4]. The main prevailing
ones include the following three aspects: Stochastic volatility of financial mar-
kets, income, wealth, or firm scale distribution, and minority game. The first
one led to the birth of econophysics [5]. Its particularity lies in the self-creating
of its topic. Application of statistical physics into the abundant data of finan-
cial markets generated many stylized facts and then inspired some theoretical
investigations to explore the mechanism behind the universe laws. Thus, this
topic has no relations to those of mainstream economics. In contrast with this
one, the latter two were inspired by works of economists. The issue of wealth
distribution is attributed to Vilfredo Pareto, while the problem of minority
game to Brian Arthur [7]. However, when physicists tried to uncover the under-
lying force that causes the corresponding collective phenomena, they almost
undertook the task without knowing much more economics, and sometimes
the intention has shifted to other themes irrelevant with economics.

This isolation results in the imbalance of composition of practitioners in
this subject. Most econophysicists are from physics, only a few from eco-
nomics. The attention of economists paid to this subject is not proportion-
able to the efforts that physicists have put into. The zest of economists to
attend the meeting of econophysics is less than expected. Papers on econo-
physics have been published primarily in journals of physics and statistical
mechanics, rather than in leading economics journals.

In order to break econophysics away from this corner, more efforts are
needed. There must be some more valuable facts that can be discovered from
statistics in other aspects, but it will not dominate the field since this sort of
data is scarce. The core of topics of this subject should shift to the following
two areas. One is reconstruction of economics, which is strongly advocated
by Joseph McCauley [1]. The other is entering the domain of economics and
finding which is suitable to physicist among existing topics in economics. It
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must absorb the essence of economics to rebuild it, rather than discard ev-
erything. For example, the reconstruction of market theory must be based on
the restatement of supply and demand. Amending should be set off from the
basic principles of economics, which require sufficient knowledge of economics.
Thus even though a few physicists have strong willingness and are competent
to carry out this task, it is necessary to cooperate with economists.

Most econophysicists are prepared with advanced tools to solve the se-
lected problems from economics. We believe that more and more approach
and methods developed in physics and in complexity research can be applied
into various issues in economics. For instance, complex network may replace
input-output analysis when we examine the chain of production, combined
with economic motivation analysis. The non-equilibrium process analysis will
take effect in studying the phenomena of economic growth and development.
The precondition for us to successfully apply these methods is perceiving and
comprehending the configuration and performance of an economy or any parts
in advance. This also needs physicists to go deeply into economics and go along
with economists hand in hand.
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5 A Poor Man’s Thoughts on Economic Networks
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I make a brief comment on importance of networks in economics.
As the series of this workshop on econophysics have shown, research ac-
tivities have recently been increased on real economy more than before.
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In a nutshell, heterogeneous interaction and aggregation are focused in
their treatment, being reconsidered and reconstructed in ways reported re-
cently by economists [1,2]. Indeed, heterogeneous interactions are taking place
as social relationships in which agents are embedded and, at a same time, are
forming the relations themselves. Let me recall importance of such economic
networks here only briefly.

Real economy has its driving force in production. Production refers to
a line of economic activities in which firms are putting added-values on their
products of goods and services. They buy intermediate goods from “upstream”
firms, add values on them, and sell products to “downstream” firms or con-
sumers in the end of the line.

Consider a ship manufacturer, for example. The firm buys a number of in-
termediate goods including steel materials, mechanical and electronic devices,
etc. and produces ships. The manufacturer puts added-value on the products,
in anticipation for return of profits, of course.

In the upstream side of the ship manufacturer is a processed steel manu-
facturer, which in turn buys intermediate goods like raw steel and fabricating
machines. The steel processor may sell its products not only to the single
ship company but also to others, or even to other business sectors such as
train-vehicle manufacturer. A similar story goes in the downstream side, too.

The entire line of these processes of putting added-values in turn forms
a giant network of production ranging from upstream to downstream, down
to consumers. Each process of production also requires labor and financing
as inputs. Thus, production, labor and finance are the three corner stones for
all economic activities, as written in every textbooks. Even so, little has been
hitherto studied, at a nation-wide scale, about the structure and temporal
changes in the economic networks of production, financing (firms-banks and
inter-banks) and labor (firms-labor).

Why do these matter? Well, in many ways.

At a macroeconomic level, GDP is a net sum of added values in the produc-
tion network. Demand by agents in downstream positions will be increasing
and decreasing in heterogeneous manners; China may increase demand for
ships manufactured overseas but not for textile products, for example. The
influence of increasing or decreasing demand will propagate along economic
networks. And so forth.

To add one thing, let me recall that each firm attempts to put added
value in anticipation for return of profits — anticipation, because no firm
knows how their produced goods be actually demanded by downstream firms
or consumers. Also many firms are facing uncertainty in the change of cost for
goods produced in upstream as well as the change of labor and financial costs.
Therefore, only a posteriori, profits are determined through the interaction
between a firm and its upstream and downstream firms.

Each link in such a giant network of production is basically a commercial
credit relation in the sense that one firm has only uncertain information about
the other’s financial state, which causes a risk in payment /receipt and lend-
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ing/borrowing. Once a firm goes into financial insolvency state, its upstream
firms are creditors who are not necessarily able to receive the scheduled pay-
ment. Then a creditor has its balance-sheet deteriorated in accumulation, and
may eventually go into bankruptcy. This is a chain of bankruptcy.

One may think that such a chain of failure is a rare event and has lim-
ited influence. I have recently observed that chain of firms bankruptcy is by
no means negligible. Considering the large number of creditors involved in
bankruptcy occurred in those cases, due to a “scale-free” character in degree
distribution, this has a considerable effect to macroeconomic activity. For in-
stance, bad debts resulting from firms affect the banking system, which would
reduce the supply of credit, and could affect an economy-wide shrinkage of
credit along the financial network eventually increasing the risk of further
bankruptcies.

There are many things to be studied on economic networks, especially on
network structures, dynamics and multiple attributes of agents in the net-
works, how to aggregate the heterogeneous interactions to relate to macro-
scopic description in economics.
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6 Whither Econophysics?
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The third of the series of Econophys-Kolkata meetings provides an appropri-
ate forum for reflecting on the prospects for econophysics in the near future.
According to several sources, the name “econophysics” was coined at Kolkata
itself (or, as it was known at that time, Calcutta) by H E Stanley in 1995,
during his talk at a statistical physics meeting in the city. In the decade or
so following this emergence of the field as a distinct sub-discipline within
physics, we have seen an astonishing increase in the number of papers and
people working in this field. For a time, Physica A, one of the journals pub-
lishing a large fraction of econophysics papers, even ran a virtual journal in
the field. There have been popular books, technical monographs, conference
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proceedings, and even reprint collections. To be sure, there were physicists
working on economics-related topics even before the 1990s. This is not even
counting people who had moved full-time into economics after being trained
as physicists. However, the advent of econophysics in recent times has been
a qualitatively different phenomenon, where economists are at last taking no-
tice, even if critically, of the incursion of physicists into their field.

Central to the dialogue between physics and economics at present is the
question of whether economic problems are amenable to the kind of analytical
skills that physicists are trained in. One can even ask, is economics an empiri-
cal science in the same way that physics is. Part of the tense stand-off between
the practitioners of the two fields is because of the two conflicting models of
what kind of science economics seeks to be. On one hand is the physics-based
model of a science based on measurable variables; on the other is the model of
mathematics, with a central body of “reasonable” axioms from which all other
statements are derived. While Newtonian physics (based on classical mechan-
ics) has indeed served as a model for economists upto the 19th century, in the
20th century the mathematical school has held sway. While physicists might
find it strange that entire theoretical edifices are constructed on concepts such
as “utility” which cannot be properly measured in any real situation, to many
economists the efforts of physicists seem dangerously ad-hoc, often built only
to match some empirically observed economic pattern, with little attention
being paid to the validity of the assumptions being made in constructing such
theories.

One of the central challenges that we as physicists working in economics
must overcome is the great divide between these two scientific models for
economics. The difference is not just in the body of techniques one uses to
approach a problem, but the very fundamental viewpoint one brings to the
field. While the former indeed is a reflection of the differences in the training
that scientists in the two disciplines receive, the basic assumptions underly-
ing this training often lead to physicists and economists asking completely
different questions about the same system. This in itself is not a bad thing,
as approaching a problem from different perspectives allow a more complete
understanding. However, this does mean that often economists don’t see the
point that physicists are trying to make (and vice versa, I am sure).

To give an example, let us consider the case of the long tail for income dis-
tribution in society. Vilfredo Pareto at the end of the 19th century had made
the observation that the distribution of income in a large number of countries,
spanning a wide range of economic systems, follow a power-law form (at least
for the highest income end) with an exponent of ~ 1.5. This is possibly the first
statement claiming an universal scaling relation, long before similar discover-
ies were made about critical phenomena in physics. However, in the decades
following this pioneering work of Pareto, it has received very little attention
from economists. Although a few studies have appeared in economics journals
which discussed the validity of Pareto’s observation, and Herbert Simon had
proposed a model to explain the origin of such scaling behavior, economists by
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and large did not consider the issue interesting enough to verify it with recent
data that were far more accurate than what was available in Pareto’s time.
It was left to physicists who, starting in the early 1990s, did a series of care-
ful empirical observations from tax records to accurately describe the income
distribution for various countries. This work has in its turn led to a number
of increasingly sophisticated models to describe how such distributions may
arise. Unfortunately, this has not had much of an impact in economics, partly
because of the “great divide” between the two schools that I mentioned above.

Of course, there are reasons behind the scepticism with which most
economists view econophysics. Physicists do have a reputation for being dilet-
tantes, and some papers published in the field show the authors to be ignorant
of basic economic concepts, often as fundamental as the distinction between in-
come and wealth. This is analogous to an economist writing a paper in physics
without understanding the difference between current and voltage. Several pa-
pers in econophysics also seem to be rather strained efforts in that a physics
problem has been forcibly molded into economic terms, without proper justifi-
cation. However, this is a problem common to any young academic discipline,
where the standards have not yet been formalized. If physicists consistently
keep working on economic problems, while at the same time learning from
the large body of knowledge that economists have already acquired, I am sure
that eventually economists will be convinced to look at econophysics not as
an upstart pretender but as a valuable ally. Physicists will also benefit from
learning some of the techniques used regularly by econometricians. For exam-
ple, often we show the evidence for power law simply by drawing a straight
line using least square fit over the data points in a double logarithmic plot.
This is however rather unconvincing to social scientists, who have over the
years developed quite sophisticated statistical tools (such as, maximum likeli-
hood estimation) for analyzing functional relationships in the data. The flow
of such techniques into the physicists’ toolbag is one way in which physics can
benefit from its dialogue with economics.

Coming to the specific topic of the Econophys-Kolkata meetings, while
they have indeed been very successful in terms of generating intellectual fer-
ment, we do need to think about how to take it forward in the future. A mo-
mentum has been generated in this country as a result of these meetings,
by which a number of young physicists have gotten interested in this topic,
and we must make sure of not losing it. While the initial enthusiasm seems
to have decreased somewhat, this is the time to consolidate the core group
who can spearhead the econophysics movement in India. One point of con-
cern is that although the organizers have tried to bring local economists in
the meeting, by and large their participation had been rather lukewarm. This
may of course be partly because of the very novelty of the field, and the usual
problem of interacting across very different disciplines. However, this is an
important issue on which future meeting organizers must work at. Another
point worth noting for the future is how to get undergraduate and graduate
students in both physics and economics interested in the field, before their
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training has forced them into the traditional mental straitjackets of the re-
spective disciplines. A possible solution is to have half-day “popular sessions”
in future Econophys-Kolkata meetings, where students from both physics and
economics can listen to a few talks intended for non-specialists and generally
interact with practicing econophysicists so that they can get to know about
the subject.

In the longer term, if it is successful, econophysics may have to decide
whether it will remain a branch of physics, or integrate with economics.
The latter alternative will involve increasing interactions and collaborations
with traditional economists, and publishing in prestigious economic journals.
Moreover, as economists are more used to communicating their ideas through
books, physicists must try to get their message across to economists by means
of books, preferably written in collaboration with economists sympathetic to
the econophysics venture. Wider recognition will have to wait till the field
gets a Noble prize or two. This will of course depend upon whether econo-
physics has a significant impact on the problems that are perceived to be
the outstanding issues of traditional economics. Working out such a common
ground between the two fields seems to be the immediate task for us in the
near future.

Acknowledgement. I would like to take this opportunity to thank the organiz-
ers of the three Econophys-Kolkata Workshops, Arnab Chatterjee and Bikas K.
Chakrabarti, for their efforts in making this series of meetings a great success, both
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and providing a wonderful forum for physicists and economists, interested in working
together, to meet and discuss. I would additionally like to thank Bikas for getting me
actively involved in econophysics research and also my teacher and mentor, Pinaki
Mitra, who first got me interested in economics.

7 Thoughts on Income and Wealth Distributions

Peter Richmond

School of Physics, Trinity College, Dublin, Ireland, and
School of Computational Sciences, University of Fast Anglia, Norwich, UK

This meeting was the third in the ECONOPHYS-KOLKATA series covering
new development in Econophysics and Sociophysics. The first in 2005 focused
on income and wealth distributions. At this meeting a number of speakers
expanded on this issue. It is interesting to observe that the first person to
study this topic in a quantitative manner, Pareto, was trained as an engineer.
In recent years, it is the physics community who have made significant contri-
butions to the topic, again by focussing not only on theoretical methodologies
but also making comparisons of their results with empirical data. What is sur-
prising is that whilst economists have advised governments on income policy
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over the years, few in the economics community have expressed much interest
in the fundamentals of the subject during the 100 years or so since Pareto
made his first observations.

What does seem clear from the mounting evidence is that income and
wealth distributions across societies everywhere follow a robust pattern and
that the application of ideas from statistical physics can provide understanding
that complements the observed data. The distribution rises from very low
values for low income earners to a peak before falling away again at high
incomes. For very high incomes it takes the form of a power law as first noted
by Pareto. The distribution is certainly not uniform. Many people are poor
and few are rich.

However looking at the data more closely reveals a number of subtleties
that have not been accounted for in the present models. In Figure 1 we show
data for the cumulative distribution of incomes in the UK for the year 1995.

The upper curve is calculated from survey data and tends to a power law
which was confirmed by data obtained by Cranshaw [1]| from the UK Revenue
Commissioners. The slight shift in the two curves is due to uncertainty in
a normalisation factor but the power law is clearly seen and extends from
weekly incomes of just under £ 1000 per week up to around £ 30,000 per
week. Over this region the exponent of the power law is ~ —3.3. This might
be assumed to be the end of the story with the power law being associated with
Pareto’s law. However from data published by Forbes and the Sunday Times
for the wealth of billionaires, we can make an estimate of the income generated
by the wealth. This yields a second power law with exponent ~ —1.26 and
this might be identified with the Pareto power law. This suggests what many
people believe to be true, namely that the super wealthy pay less tax as
a proportion of their income than the majority of earners in society!

To account for this data, a number of models have been proposed. One class
studied by Solomon and Richmond, that might be considered to constitute
a mesoscopic approach is based on a generalized Lotka Volterra models [2-4].
Other microscopic models invoke agents that exchange money via pair trans-
actions according to a specific exchange rule. The results from these latter
models depend critically on the nature of the exchange process. Two quite
different exchange processes have been postulated. The first by Chakrabarti
and colleagues [5,6] conserves money during the exchange and allows savings
that can be a fixed and equal percentage of the initial money held by each
agent. This yields the Boltzmann distribution. Allowing the saving percent-
age to take on a random character then introduces a power law character to
the distribution for high incomes [7]. The value of the power law exponent
however can be shown to be exactly unity [8]. Other modifications are needed
to rescue this particular exchange rule.

On the other hand, the model of Slanina [9] assumes a different exchange
rule. In addition it allows creation of money during each exchange process
and the solution is not stationary. One must normalise the money held by
an agent with the mean value of money within the system at time, t. In this



7 Thoughts on Income and Wealth Distributions 263
UK Cumulative weekly income 1995

15 25 3.5 4.5 55 6.5 7.5 85

O T T T T T T
-2 y=-3.2453x+7.8691
R?=0.9997
-4 4
e,
-5 1
y=-3.3271x+7.5344
-8 - R%=0.9997 g .
-10 1 i
—127 y=—1.2626x—1.335 "4 | _
Z_
g ] R?=0.9828
-16

Fig. 1. Log log plot of cumulative distribution of income in the UK for 1995. See
text for explanatory detail.

way a stationary solution for the distribution of money can be obtained. Such
a procedure must also be done to obtain a solution from the Lotka Volterra
approach and it is interesting to see that the final results for both methods
yield a distribution function of the same form. Detailed numerical comparisons
with the data suggest that this form gives a good fit to the data below the
super rich region [10]. To fit the super rich region probably is possible by
assuming a non linear functional form for the agent exchange parameter that
varies inversely with income of the individual.

Further investigation of the UK data shows that the low end power law
changes progressively from 3.3 to values just below 3 over the period 1992
to 2002. Further studies over the period 2002 through to the present day
would be interesting and perhaps reveal how changes in taxation policy of the
UK government affected this exponent over the entire 15 year period. Similar
studies across other societies would be equally interesting.

The link between these facets to the structure of a society was highlighted
in the meeting by an interesting contribution from Sinha [11] who examined
using data from historical sources. The Doomsday Book provides an account
of the structure of society in feudal England during the reign of William the
first and reveals how power was distributed from the King through to Barons
and lesser members of the nobility down to the vassals. Similar studies were
presented based on data for military powers and criminal gangs in the US.
The situation in Russia would be interesting to study were data available.
According to BBC reporter Rupert Wingfield-Hayes [12] fifteen years ago all
the wealth in Russia was in the hands of the state; at present 25% of the
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wealth of the nation is now in the hands of 36 men. What would also be
interesting is to extend these studies to other societal groups such as businesses
run not only on capitalist but also cooperative philosophies (both production
and consumer led structures exist in the cooperative context) in order to
learn more about the relationship between class or power in a network and
the associated income or wealth distribution. In this sense, the contribution
by Souma [13] who looked at aspects of business such as cross shareholding
and patent ownership within competing and cooperating businesses was an
excellent start.

The conference contained talks on many other topics and the organisers
are to be congratulated for organising such a timely and stimulating series
of workshops in India. It is to be hoped that the meetings can continue to
enable these very interesting topics be further developed and discussed in such
a convivial environment.
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Jiirgen Mimkes

Department Physik, Universitit Paderborn, Warburgerstr. 100, Germany

Econophysics and its conferences have a long tradition in Kolkata. Accord-
ingly, the conference has again been organized in professional manner. The
hospitality and friendly environment of the conference, the good contacts be-
tween scientists, the fast production of the conference proceedings are most
helpful for the attraction of the conference site at the Saha Institute in
Kolkata. Regular meetings in Kolkata have several advantages:



1.

2.
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Regular meetings establish a reliable relationship of the international com-
munity with the Kolkata group.

Regular conferences in Kolkata give international visitors a chance to feel
at home in Kolkata and plan and visit this area and other regions of India
after the conference.

However, a single conference site over many years may also have some disad-
vantages:

1.

The long distance from the USA, EU, China or Japan makes it difficult
for the international community to attend every meeting, especially, since
the number of conferences in this field has grown very much (COST P10,
WEHIA, NEW).

. Most international conferences (on Econophysics) have new conference

sites at every meeting. This is a more democratic way for most partici-
pants, so every country will have the chance to present its values.
Changing sites also raises curiosity of the participants to see new places
and meet new people outside of the conference. Especially people work-
ing on social science problems may want to have a chance to experience
different groups of people in different countries.

My personal opinion on future conferences on Econophysics in Kolkata: The
new aspect of the field of econophysics may perhaps be fading, but the scien-
tific interest is still growing. And we have only started to introduce natural
science into economics. If thermodynamics would be considered as one of the
basic theories of econophysics, I could imagine a large program in the next
years:

1.

The theory of economics could be expanded to slow changing markets
like state economies and companies according to isothermal changes. This
would lead to an advanced theory of economic growth.

Fast changing processes like financial markets could be investigated ac-
cording to adiabatic changes. The adiabatic law: VT¥/2 = constant in-
dicates the same exponential qualities as financial power laws log f =
Ajz=m/2,

Socio-economics is in many ways similar to chemistry. The large number
of groups of people relates to the different elements and their compounds.
There is a huge amount of work ahead. We have thousands of papers
on the solid and liquid state, but few on the collective and individual
state of people. We know much about hydrochloric acid, H-CL or carbon
monoxide C-O. But how much do we know about Hindu-Muslim relations
or Christian-Muslim interactions, about US-India or India-Pakistan?

In order to keep a permanent annual international conference on socio eco-
nomics in India, I would suggest to make these at least alternating in Kolkata
and Chennai to attract international interest. If this does not draw enough
international scientists, perhaps more of the many wonderful places of India
may have to be included.



266 Comments and Criticisms: Econophysics and Sociophysics

In some countries like Romania, national (and some international) interest
of economics and physics students has been drawn by summer schools of a few
experts in the fields of complexity, econophysics and sociophysics. The summer
schools also give the opportunity to establish a wider scope and structure
of the fields and give students the opportunity to participate in exercises,
problem solving and practical work.



